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KOLMOGOROV EQUATIONS IN INFINITE DIMENSIONS: 
WELL-POSEDNESS AND REGULARITY OF SOLUTIONS, 
WITH APPLICATIONS TO STOCHASTIC GENERALIZED 
BURGERS EQUATIONS^ 

By Michael Rockner and Zeev Sobol 

Universitdt Bielefeld and University of Wales Swansea 

We develop a new method to uniquely solve a large class of heat 
equations, so-called Kolmogorov equations in infinitely many vari- 
ables. The equations are analyzed in spaces of sequentially weakly 
continuous functions weighted by proper (Lyapunov type) functions. 
This way for the first time the solutions are constructed everywhere 
without exceptional sets for equations with possibly nonlocally Lips- 
chitz drifts. Apart from general analytic interest, the main motivation 
is to apply this to uniquely solve martingale problems in the sense of 
Stroock-Varadhan given by stochastic partial differential equations 
from hydrodynamics, such as the stochastic Navier-Stokes equations. 
In this paper this is done in the case of the stochastic generalized 
Burgers equation. Uniqueness is shown in the sense of Markov flows. 



1. Introduction. In this paper we develop a new technique to uniquely 
solve generalized heat equations, so-called Kolmogorov equations, in in- 
finitely many variables of type 

du 

— = Lu 
dt 

for a large class of elliptic operators L. The main new idea is to study L 
on weighted function spaces consisting of sequentially weakly continuous 
functions on the underlying infinite-dimensional Banach space X (e.g., a 
classical L^-space). These function spaces are chosen appropriately for the 
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specifically given operator L. More precisely, the function space on which 
L acts is weighted by a properly chosen Lyapunov function V oi L and 
the image space by a function bounding its image LV . Apart from gen- 
eral analytic interest, the motivaton for this work comes from the study of 
concrete stochastic partial differential equations (SPDEs), such as, for exam- 
ple, those occuring in hydrodynamics (stochastic Navier-Stokes or Burgers 
equations, etc.). Transition probabilities of their solutions satisfy such Kol- 
mogorov equations in infinitely many variables. To be more specific, below 
we shall describe a concrete case, to which we restrict in this paper, to 
explain the method in detail. 

Consider the following stochastic partial differential equation on 

X:=L2(0,1) =L2((0,l),dr) 

(where dr denotes Lebesgue measure): 

dxt = {Axt + F{xt))dt + VAdwt 

(1.1) 

xo = X £ X. 

Here A:X^Xisa, nonnegative definite symmetric operator of trace class, 
{wt)t>o a cylindrical Brownian motion on X, A denotes the Dirichlet Lapla- 
cian (i.e., with Dirichlet boundary conditions) on (0,1), and F:Hq —>■ X is 
a measurable vector field of type 

F{x){r) := -^(^r o x){r) + $(r, x{r)), x G H^{0, l),r G (0, 1). 

Hq := Hq(0, 1) denotes the Sobolev space of order 1 in L^(0, 1) with Dirichlet 
boundary conditions and ^' : R ^ R, $ : (0, 1) x R ^ R are functions satis- 
fying certain conditions specified below. In case ^(x) = ix2, $ = 0, SPDE 
(1.1) is just the classical stochastic Burgers equation, and if ^' = and, for 
example, ^{r,x) = — x^, we are in the situation of a classical stochastic re- 
action diffusion equation of Ginsburg-Landau type. Therefore, we call (1.1) 
"stochastic generalized Burgers equation." 

Stochastic generalized Burgers equations have been studied in several pa- 
pers. In fact, the first who included both a "hydrodynamic part" (i.e., ^ 
above) and a "reaction diffusion part" (i.e., $ above) was Gyongy in [29], 
where, as we do in this paper, he also considered the case where the under- 
lying domain is Z? = (0, 1). Later jointly with Rovira in [31] he generalized 
his results to the case where ^ is allowed to have polynomial growth; <I> is 
still assumed to have linear growth and is locally Lipschitz with at most lin- 
early growing Lipschitz constant. A further generalization to d-dimensional 
domains was done by the same two authors in [32]. Contrary to us, these 
authors purely concentrated on solving SPDE of type (1.1) directly and did 
not analyze the corresponding Kolmogorov equations. In fact, they can allow 
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nonconstant (but globally Lipschitz) \fA and also explicitly time dependent 
coefficients. We refer to [29, 31, 32] for the exact conditions, but emphasize 
that always the reaction diffusion part is assumed to be locally Lipschitz 
and of at most linear growth. As we shall see below, for the solution of the 
Kolmogorov equations, our method allows the reaction diffusion part to be 
of polynomial growth (so Ginsburg-Landau is in fact included) and also the 
locally Lipschitz condition can be replaced by a much weaker condition of 
dissipative type [see conditions ($1)-(<I>3) in Section 2 below]. 

SPDE of type (1.1) with either ^' = or <I> = have been studied ex- 
tensively. For the case ^ = 0, the literature is so enormous that we cannot 
record it here, but instead refer, for example, to the monographs [24] and 
[13] and the references therein. For the case $ = 0, we refer, for example, 
to [6, 10, 12, 18, 19, 30, 38, 39, 55], and for the classical deterministic case, 
for example, to [11, 33, 37, 41, 44]. References concerning the Kolmogorov 
equations for SPDE will be given below. 

The motivation of handling both the hydrodynamic and reaction diffusion 
part in SPDE of type (1.1) together was already laid out in [29]. It is well 
known that the mathematical analysis is then much harder, standard theory 
has to be modified and new techniques must be developed. It is, however, 
somehow imaginable that this, with some effort, can be done if as in [29, 31, 
32] $ has at most linear growth (see, e.g.. Remark 8.2 in [35], where this 
is shown in a finite-dimensional situation). The case of $ with polynomial 
growth treated in this paper seems, however, much harder. In contrast to 
[29, 31, 32], our methods require, on the other hand, that ^' grows less than 
|j;|5/2 £q], large X [cf. condition (^') in Section 2]. 

Showing the range of our method by handling <I> and ^ together has the 
disadvantage that it makes the analysis technically quite hard. Therefore, 
the reader who only wants to understand the basic ideas of our new general 
approach is advised to read the paper under the assumption that $ does not 
explicitly depend on r and has polynomial growth strictly less than 5. This 
simplifies the analysis substantially [e.g., in definition (2.4) of the Lyapunov 
function below we can take p = 2, so the simpler weight functions in (2.3) 
below suffice]. 

But now let us turn back to the Kolmogorov equations corresponding to 
SPDE (1.1). 

A heuristic (i.e., not worrying about existence of solutions) application 
of Ito's formula to (1.1) implies that the corresponding generator or Kol- 
mogorov operator L on smooth cylinder functions — >M, that is, 

u^V:=TCl :={n = ^oP/v|iVGN,c/GCfe2(^7v)} (cf. below), 

is of the following form: 

Lu{x) := i Tr{AD'^u{x)) + (Ax + F{x),Du{x)) 
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(1.2) 

oo oo 

= i ^ Aijdfjuix) + ^(Ax + F{x),rik)dku{x), x e 

i,j=l k=l 

Here r/fc(r) := \/2sm(7r/cr), G N, is the eigenbasis of A in L^(0, 1), equipped 
with the usual inner product (•,•), Ejsf := span{?7fc|l <k< N}, P]\f is the 
corresponding orthogonal projection, and Aij := {rjijArjj), i,j £ N. Finally, 
Du, D^u denote the first and second Frechet derivatives, dk := dfj := 
drudjfj with dy := directional derivative in direction y £ X and {Ax,rjk) := 
{x, Ar^fc) for x £ X. 

Hence, the Kolmogorov equations corresponding to SPDE (1.1) are given 

by 

— [t,x) = Lv{t,xj, x£X, 

(1.3) 

^(0,-) = /, 

where the function / : X ^ M is a given initial condition for this parabolic 
PDF with variables in the infinite-dimensional space X . We emphasize that 
(1.3) is only reasonable for some extension L of L (whose construction is an 
essential part of the entire problem) since even for / G P, it will essentially 
never be true that v(t, •) G V. 

Because of the lack of techniques to solve PDF in infinite dimensions, 
in situations as described above the "classical" approach to solve (1.3) was 
to first solve (1.1) and then show in what sense the transition probabilities 
of the solution solve (1.3) (cf., e.g., [3, 13, 17, 24, 26, 27, 45, 50] and the 
references therein). Since about 1998, however, a substantial part of recent 
work in this area (cf., e.g., [20, 52, 53] and one of the initiating papers, 
[46]) is based on the attempt to solve Kolmogorov equations in infinitely 
many variables [as (1.3) above] directly and, reversing strategies, use the 
solution to construct weak solutions, that is, solutions in the sense of a 
martingale problem as formulated by Stroock and Varadhan (cf. [54]) of 
SPDF as (1.1) above, even for very singular coefficients (naturally appearing 
in many applications). In the above quoted papers, as in several other works 
(e.g., [1, 4, 15, 16, 22, 23, 42]), the approach to solve (1.3) directly was, 
however, based on LP(/i) -techniques where ^ is a suitably chosen measure 
depending on L, for example, ^ is taken to be an infinitesimally invariant 
measure of L (see below). So, only solutions to (1.3) in an L^(/x)-sense were 
obtained, in particular, allowing /i-zero sets of x G X for which (1.3) does 
not hold or where (1.3) only holds for x in the topological support of fi 
(cf. [20]). 

In this paper we shall present a new method to solve (1.3) for all x £ X (or 
an explicitly described subset thereof) not using any reference measure. It 
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is based on finite-dimensional approximation, obtaining a solution which, 
despite the lack of (elliptic and) parabolic regularity results on infinite- 
dimensional spaces, will, nevertheless, have regularity properties. More pre- 
cisely, setting Xp := LP({0, l),dr), we shall construct a semigroup of Markov 
probability kernels pt{x,dy), x £ Xp, t > 0, on Xp such that, for all u (zT), 
we have 1 1-^ pt{\Lu\){x) is locally Lebesgue integrable on [0,cxd) and 

(1.4) ptu{x) — u{x) = / Ps{Lu){x)ds VxGXp. 

Jo 

Here, as usual for a measurable function / : Xp M, we set 

(1.5) ptf{x):= J f{y)pt{x,dy), x£Xp,t>0, 

if this integral exists, p has to be large enough compared to the growth of 
$ (cf. Theorem 2.2 below). Furthermore, pt for each t > maps a class of 
sequentially weakly continuous (resp. a class of locally Lipschitz functions) 
growing at most exponentially into itself. That pt, for t > 0, has the prop- 
erty to map the test function space V (consisting of finitely based, hence, 
sequentially weakly continuous functions) into itself (as is the case in finite 
dimensions at least if the coefficients are sufficiently regular) cannot be true 
in our case since F depends on all coordinates of x = J2'k^=ii^j'']k)Vk and 
not merely finitely many. So, the regularity property of pt, t > 0, to leave 
the space of exponentially bounded (and, since it is Markov, hence, also the 
bounded) sequentially weakly continuous functions fixed is the next best 
possible. 

As a second step, we shall construct a conservative strong Markov process 
with weakly continuous paths, which is unique under a mild growth condition 
and which solves the martingale problem given by L, as in (1.2) and, hence, 
also (1.1) weakly, for every starting point x E Xp. We also construct an 
invariant measure for this process. 

The precise formulation of these results require more preparations and 
are therefore postponed to the next section (cf. Theorems 2.2-2.4), where 
we also collect our precise assumptions. Now we would like to indicate the 
main ideas of the proof and the main concepts. First of all, we emphasize 
that these concepts are of a general nature and work in other situations 
as well (cf., e.g., the companion paper [47] on the 2D-stochastic Navier- 
Stokes equations). We restrict ourselves to the case described above, so in 
particular to the (one dimensional) interval (0, 1) for the underlying state 
space Xp = L^((0, l),dr), in order to avoid additional complications. 

The general strategy is to construct the semigroup solving (1.4) through 
its corresponding resolvent, that is, we have to solve the equation 
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for all / in a function space and A large enough, so that all n S 2? appear 
as solutions. The proper function spaces turn out to be weighted spaces of 
sequentially weakly continuous functions on X. Such spaces are useful since 
their dual spaces are spaces of measures, so despite the nonlocal compact- 
ness of the state space X, positive linear functionals on such function spaces 
over X are automatically measures (hence, positive operators on it are au- 
tomatically kernels of positive measures). To choose exponential weights is 
natural to make these function spaces, which will remain invariant under 
the to be constructed resolvents and semigroups, as large as possible. More 
precisely, one chooses a Lyapunov function Vp^^ of L with weakly compact 
level sets so that 

(A - L)Vp^^ > Gp,^, 

and so that 0p,K is a "large" positive function of (weakly) compact level 
sets [cf. (2.3), (2.4) below for the precise definitions]. 0p,K "measures" the 
coercivity of L [or of SPDE (1.1)]. Then one considers the corresponding 
spaces WCp^K and VFiCp^^ of sequentially weakly continuous functions over 
X, weighted by Vp^^ and ©p,^, respectively, with the corresponding weighted 
supnorms [cf. (2.2) below]. Then for A large, we consider the operator 

X-L:VcWCp,^^WiCp,, 

and prove by an approximative maximum principle that, for some ?ti > 0, 

||(A - L)u\\w^Cp,^ > mWuWwCp,^ 

(cf. Proposition 6.1). So we obtain dissipativity of this operator between 
these two different spaces and the existence of its continuous inverse G\ := 
(A — L)^^. Considering a finite-dimensional approximation by operators Lj\[ 
on En, N with nice coefficients, more precisely, considering their associ- 
ated resolvents (G^)a>0) we show that (A — L){T>) has dense range and that 
the continuous extension of G\ to all of WiCp^^ is still one-to-one ("essen- 
tial maximal dissipativity"). Furthermore, XG^ (lifted to all of X) converges 
uniformly in A to XG\ which, hence, turns out to be strongly continuous, 
but only after restricting G\ to WGp which is continuously embedded into 
WiCp, K, so has a stronger topology (cf. Theorem 6.4). Altogether (G'a)a>Ao) 
Ao large, is a strongly continuous resolvent on WGp^^, so we can consider 
its inverse under the Laplace transform (Hille-Yosida theorem) to obtain 
the desired semigroup {pt)t>o of operators which are automatically given 
by probability kernels as explained above. Then one checks that pt-, t > 0, 
solves (1.4) and is unique under a mild "growth condition" [cf. (2.17) and 
Proposition 6.7 below]. Subsequently, we construct a strong Markov pro- 
cess on Xp with weakly continuous paths with transition semigroup {pt)t>o- 
By general theory, it then solves the Stroock-Varadhan martingale problem 
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corresponding to hence, it weakly solves SPDE (1.1). We also prove 

its uniqueness in the set of all Markov processes satisfying the mild "growth 
condition" (2.18) below (cf. Theorem 7.1). 

In comparison to other constructions of semigroups on weighted function 
spaces using locally convex topologies and the concept of bicontinuous semi- 
groups (cf. [36] and the references therein), we emphasize that our spaces 
are (separable) Banach spaces so, as spaces with one single norm, are easier 
to handle. 

In comparison to other constructions of infinite-dimensional Markov pro- 
cesses (see, e.g., [43, 52]) where capacitory methods were employed, we would 
like to point out that instead of proving the tightness of capacities, we con- 
struct Lyapunov functions (which are excessive functions in the sense of 
potential theory) with compact level sets. The advantage is that we obtain 
pointwise statements for all points in Xp, not just outside a set of zero ca- 
pacity. Quite a lot is known about the approximating semigroups {Pt^)t>o, 
that is, the ones corresponding to the {G^^^)xyo, G N, mentioned above, 
since they solve classical finite-dimensional Kolmogorov equations with reg- 
ular coefficients. So, our construction also leads to a way to "calculate" the 
solution {pt)t>o of the infinite-dimensional Kolmogorov equation (1.3). 

The organization of this paper is as follows: as already mentioned, in Sec- 
tion 2 we formulate the precise conditions (A) and (Fl) on the diffusion 
coefficient A and the drift F, respectively, and state our main results pre- 
cisely. In Section 3 we prove the necessary estimates on M^, uniformly in N, 
which are needed for the finite-dimensional approximation. In Section 4 we 
introduce another assumption (F2) on F which is the one we exactly need 
in the proof, and we show that it is weaker than (Fl). In Section 5 we collect 
a few essential properties of our weighted function spaces on Xp. In particu- 
lar, we identify their dual spaces which is crucial for our analysis. This part 
was inspired by [34]. The semigroup of kernels pt{x,dy), t > 0, x G Xp, is 
constructed in Section 6, and its uniqueness is proved. Here we also prove 
further regularity properties of pt, t > 0. The latter part is not used sub- 
sequently in this paper. Section 7 is devoted to constructing the process, 
respectively showing that it is the solution of the martingale problem given 
by L as in (1.2), hence, a weak solution to SPDE (1.1), and that it is unique 
in the mentioned class of Markov processes (see also Lemma A.l in the Ap- 
pendix). In deterministic language the latter means that we have uniqueness 
of the flows given by solutions of (1.1). The invariant measure fi for {pt)t>o 
is constructed in the Appendix by solving the equation L*// = 0. As a conse- 
quence of the results in the main part of the paper, we get that the closure 
(Z'^, Dom(L^)) of {LjV) is maximal dissipative on L'^{X,fi), s G [1,00) (cf. 
Remark A. 3), that is, strong uniqueness holds for (L,!)) on L^(X,i^i). In 
particular, the differential form (1.3) of (1.4) holds with replacig L and 
the time derivative taken in L^{X,fi). 
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2. Notation, conditions and main results. For a cr-algebra B on an arbi- 
trary set E, we denote the space of all bounded (resp. positive) real-valued 
;S-measurable functions by B^, B~^, respectively. If E is equipped with a 
topology, then B{E) denotes the corresponding Borel cr-algebra. The spaces 
X = L^(0, 1) and Hq are as in the Introduction and they are equipped with 
their usual norms | • I2 and | • \i^2', so we define, for x : (0, 1) — > M, measurable, 

\x\p := (^J^ \x{r)\P (g[0,oo]), pG[l,oo), 

|3;|oo := ess sup |x(r)|, 

r6(0,l) 

and define Xp := L^((0, 1), dr), p £ [1, cxo], so X = X2. If x, y G Hq, set 
kli,2 := \x'\2, {x,y)i,2 ■■= {x',y'), 

where x' := -^x is the weak derivative of x. We shall use this notation from 
now on and we also write x" := -f^x = Ax. 

Let with norm | • \-i^2 be the dual space of Hq. We always use the 
continuous and dense embeddings 

(2.1) H^cX = X'cH-\ 

so ffi{x,y) fj-i = {x,y) if x G Hq, y £ X. The terms "Borel-measurable" or 

"measure on X, Hq, H~^ resp." will below always refer to their respec- 
tive Borel cj-algebras, if it is clear on which space we work. We note that 
since Hq C X C H^^ continuously, by Kuratowski's theorem, Hq G B{X), 
X G B{H~^) and B{X) D H^ = B{H^), B{H-^) n X = B{X). Furthermore, 
the Borel cr-algebras on X and Hq corresponding to the respective weak 
topologies coincide with B{X), B{Hq), respectively. 

For a function y : X — > (0, co] having weakly compact level sets {V <c}, 
c G M+ , we define 

WCv := |/ : < 00} ^ M / is continuous on each {V <R},R£ R, 

(2.2) in the weak topology inherited from X, 

I/I 

and lim sup -— = 

equipped with the norm ||/||y '■= sup^y^^yV~^\f\. Obviously, WCy is a 
Banach space with this norm. We are going to consider various choices of 
V , distinguished by respective subindices, namely, we define, for k G (0, 00), 

K(x) :=e'^l^l2, x£X, 

(2.3) 

e,(x):=K(x)(l + |x'|l), xeHl, 
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and for p > 2, 



(2.4) 

QpA^) ■■= ypA^)i^ + l^'li) + v.{x)\{\x\p/^y\l X e Hi 

Clearly, {V^,k < oo} = Xp and {Qp^K < oo} = Hq. Each Gp^^ is extended to 
a function on X by defining it to be equal to +oo on X \ Hq. Abusing 
notation, for p = 2, we also set V2,k '■= and @2,k ■= ©k- For abbreviation, 
for K £ (0, oo) , p £ [2, oo) , we set 

(2.5) WCp,^:=WCv,,^, WiCp,^:=WCe,,^, 

and we also abbreviate the norms correspondingly, 

(2-6) II • llp.K •= II ■ llvp,„, II • lU := II • ||o,K and || • ||i,p,K := || • ||ep,„- 

All these norms are, of course, well defined for any function on X with 
values in [—00,00]. And therefore we shall apply them below not just for 
functions in WCp^^ or WiCp^^. For p' >p and k' > k, by restriction, WCp^^ 
is continuously and densely embedded into WCp'^^' and into WiCp^^ (see 
Corollary 5.6 below), as well is the latter into WiCp'^^'- will serve as 
convenient Lyapunov functions for L. Furthermore, 6^^^ bounds {X — L)Vp^K 
from below for large enough A, thus, ©p,K measures the coercivity of L 
(cf. Lemma 4.6 below). Note that the level sets of Qp^^ are even strongly 
compact in X . 

We recall that, for Pjy as in the Introduction, there exists Op G [1, 00) such 
that 

(2.7) I-PatxIp < ap|x|p for ah x G Xp, G N 
(cf. [40], Section 2cl6), of course, with 02 = 1- In particular, 

(2.8) V.,poPN<aPV^,p. 

For a function y : X ^ (1, 00], we also define spaces Lip; p p > 2, k > 0, 
consisting of functions on X which are locally Lipschitz continuous in the 
norm |(— A)~'/^ • ^ G The respective seminorms are defined as follows: 

yi,y2&Xp |(-A) '/^(yi -2/2)12 

(2.9) 

(G[0,oo]). 

For / G Z+, we define 

(2.10) Lip,,p,, := {f:Xp^ R| ||/||Lip,,,, < 00}, 

where ||/||Lip, ,, ,, := \\f\\p,K + {f)i,p,K- When X is of finite dimension, (/)i,p,K is 
a weighted norm of the generalized gradient of / (cf. Lemma 3.6 below). 
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Also, (Lip^ p ,^, II • IlLip, ^) is a Banach space (cf. Lemma 5.7 below) and 
LiPi,p,K Lip;/ y for I' <l, p' '>p and k' > k. In this paper we shall mostly 
deal with the case I G {0, 1}. 

Obviously, each / G Lip^^ ,, is uniformly |(— A)^'/^ • |2-Lipschitz continu- 
ous on every | • |p-bounded set. In particular, any / G Lip^ ^ ,^ is sequentially 
weakly continuous on Xp, consequently weakly continuous on bounded sub- 
sets of Xp. Hence, for all p' G [p,oo), k' G [k, oo), 

(2.11) Bb{Xp)nUp^^p^,cWCp,,^, 
and obviously, by restriction, 

(2.12) BbiXp) n Lipo,p,« C WiCp>y. 

Further properties of these function spaces will be studied in Section 5 below. 

Besides the space V := J-C^ defined in the Introduction, other test func- 
tion spaces I'p.K on X will turn out to be convenient. They are for p G [2, oo), 
KG (0, oo) defined as follows: 

■.= {u = goPN\NeN,g£ C^{R^), 

(2.13) 

||u||p,«; + \\\Du\2\\p,K. + II Ti{AD n)||p,K < oo}. 

Again we set := P2,k- Obviously, Pp^^ C WCp^^, and Vp^^ C Vp/^^i if 
p' G [p, oo) and k' G [k, oo). We extend the definition (1.2) of the Kolmogorov 
operator L for all u G J^C^ := {u = go Pn\N £N,g £ C'^{R^)}. So, L can be 
considered with domain "Dp^n- 

Now let us collect our precise hypotheses on the terms in SPDE (1.1), re- 
spectively the Kolmogorov operator (1.2). First, we recall that in the entire 
paper A = x" is the Dirichlet Laplacian on (0, 1) and {Wt)t>o is a cylindri- 
cal Browninan motion on X. Consider the following condition on the map 
A:X^X: 

(A) A is a nonnegative symmetric linear operator from X to X of trace 
class such that Ajy := P]yAP]\f is an invertible operator represented by 
a diagonal matrix on Ejsf for all G N. 

Here E^, P/v are as defined in the Introduction. Furthermore, we set 
(2.14) ao:= sup 1^1^ = |^| , 

where | • denotes the usual operator norm on bounded linear oper- 

ators from Hq into its dual H~^. 

Consider the following condititons on the map F : Hq — > X: 
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(2.15) F{x) = -^{^ ox){r) + ^{r,x{r)), x £ H^{0,l),r £ (0,1), 

where : M ^ M, $ : (0, 1) x M ^ M satisfy the following conditions: 
(^') ^' G C^'^(]R) (i.e., ^' is differentiable with locally Lipschitz deriva- 
tive) and there exist C € [0, oo) and a bounded, Borel-measurable 
function uj : [0, oo) [0, oo) vanishing at infinity such that 



l^xxK^;) < C + Y |x|w(|3;|) for dx-a.e. x G R. 

($1) <I> is Borel-measurable in the first and continuous in the second 
variable and there exists g G -L'^^(0, 1) with qi G [2,oo] and q2 G 
[1, oo) such that 

\^{r,x)\ <g{r){l + \x\''^) for all rG (0,1),xGR. 

($2) There exist /io,/ii G -^^+(0, 1), |/ii|i < 2, such that for a.e. r G (0, 1) 

^{r,x)signx < hQ{r) + /ii(r)|x| for all x G R. 

($3) There exist po G (0, 1], c/o e ^^(0, 1), 5i G ^+ (0, 1) for some pi G 
[2, oo], and a function to : [0, oo) [0, oo) as in {^) such that with 

CT : (0, 1) X R ^ M, cr(r, x) := ^J^^^' ^ for a.e. r G (0, 1) 

$(r, y) - $(r, x) < [go{r) + c/i(r)|cT(r, x)\'^-^/P^uj{a{r, x))]{y - x) 
for all X, y G R, < y — x < po- 

Furthermore, we say that condition (F1+) holds if, in addition to (Fl), we 
have 

($4) $ is twice continuously differentiable and there exist g2,g3 £ -^+(0, 1), 
54,ff5 G -^^+(0, 1), and uj: [0,oo) — > [0,oo) as in (^) such that, for their 
partial derivatives ^xx, ^xr, ^x, ^r, and with a as in {^3), 

\^xx\ + j^nry <92+ g-sV^ujia) 



and 



Remark 2.1. (i) Integrating the inequality in (^') twice, one immedi- 
ately sees that (^) implies that there exist a bounded Borel-measurable 
function uj : M+ — > R+, uj{r) ^ as r — > oo, and C G (0, oo) such that 

\'^'{x)\<C+\xf/^dj{\x\), |^'(x)| <C7 + |x|^/2^(|x|) forallxGR. 
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(ii) We emphasize that conditions ($2), (<I>3) are one-sided estimates, so 
that (<I>1)-(<I>3) is satisfied if $(r, x) =P{x),re (0,1),xGM, where P is a 
polynomial of odd degree with strictly negative leading coefficient. 

(iii) Under the assumptions in (Fl), SPDE (1.1) will not have a strong 
solution in general for all x £ X . 

(iv) If (^1) holds, (^2) only needs to be checked for x G M such that 
\x\ > R for some R G (0,oo). And replacing uj [in {^) and {^2>)] by u)(r) : = 
sup^>^u;(s), we may assume that u) is decreasing. 

(v) ($4) implies that there exists a bounded measurable function 
id : IR+— >IR+, a)(r) — > as r — > co, such that 

\^x\<C + a^'^Cj{(T) and \^ < gi + C + a^/'^Qj{a). 

In particular, (^^4) implies (^3) with pi = 2, gQ{r) = gi{r) = const. Indeed, 
we have, for x G M, r G (0, |), 

$^(r,a;) = ^>3;(0,0)+ / ^^Js,-s\-ds+ I ^^r[ s,-.s\ ds. 

Jo \ r J r Jo \ r J 

As shown in the previous item, we may assume lo decreasing. Then it follows 
from ($4) and Holder's inequality that 

|$x|(r,x)<C+^ / 52C?s+f— V / g3{s)J^■^^^s]s^'^ds+ I g^ds 
r Jo \ r J Jo \ r J Jo 




Now observe that 

/ rl \ 1/2 rl 

Co{a):=\2j Lo'^{V2aT)T drj +j g5{s)Lo{V2ay/^) ds 

is a bounded measurable function and u;(r) ^ as r ^ oo. So the first 
assertion follows for r G (0, ^). For the case r G (^,1), the assertion is proved 
by the change of variables r' = 1 — r. The second assertion is proved similarly. 

In the rest of this paper hypothesis (A) (though repeated in each statement 
to make partial reading possible) will always be assumed. As it is already 
said in the Introduction, all of our results are proved for general F : Hq X 
under condition (F2) [resp. (F2+), or parts thereof], which is introduced in 
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Section 4 and which is weaker than (Fl) [resp. (F1+)]. For the convenience 
of the reader, we now, however, formulate our results for the concrete F 
given in (2.15), under condition (Fl) [(F1+) resp.]. For their proofs, we 
refer to the respective more general results, stated and proved in one of the 
subsequent sections. 

Theorem 2.2 ("Pointwise solutions of the Kolmogorov equations"). Sup- 
pose (A) and (Fl) hold. Let kq := ^~g^^^|^^ (with oq as in (2.15) and hi as in 
($2), < Ki G K* < Ko, and let p G [2, oo) n{q2 — 3 + -^,00) [with qi,q2 as in 
(^1)]). Then there exists a semigroup {pt)t>o of probability kernels on Xp, 
independent of n* , having the following properties: 

(i) ("Existence") Let u£T>^-^. Then t pt{\Lu\){x) is locally Lebesgue 
integrable on [0, 00) and 

(2.16) ptu{x) — u{x) = / ps{Lu){x)ds for all x Xp. 

Jo 

In particular, for all s G [0, 00), 

limps+tu{x) =psu{x) for all x G Xp. 

(ii) There exists A^* G (0, 00) such that 

roc 

(2.17) / e-^-*''ps{Qpn'){x)ds <oo for all x £ Xp. 
Jo 

(iii) ("Uniqueness") Let {qt)t>o be a semigroup of probability kernels on 
Xp satisfying (i) with {pt)t>o replaced by {qt)t>o and P^i by T>. If, in addi- 
tion, (2.17) holds with {qt)t>o replacing {pt)t>o for some k G (0, kq) replacing 
K* , then pt{x,dy) = qt{x,dy) for all t > 0,x £ Xp. 

(iv) ("Regularity") Let t £ {0, 00). Then ptiyVp^^*) '^Wp^^* . Furthermore, 
let f £ Lipo 2 Ki ^^h{X) n Wp^K*(D V). Then ptf uniquely extends to a con- 
tinuous function on X , again denoted by ptf , which is in Lipg 2 ^-^ riBi,{X). 
Let q £ [2,00), K £ [k,i,k*]. Then there exists Xg^^ G (0,oo), independent of 
t and f , such that 

||pt/||,,.<e^-*||/||,,« 

and 

{ptf)0,<i,K<e^'>'-\f)0,q,n- 

If moreover, (F1+) holds, then there exists Ag G (0, 00), independent oft, 
such that, for all f £ Lipi 2 ^ ^^^^{X), 

(pJ)i,,,«<e^'-*(/)M,K. 
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Proof. The assertions follow from Corollary 4.2, Remark 6.6, Proposi- 
tions 6.7, 6.9 and 6.11(iii). □ 

Theorem 2.3 ["Martingale and weak solutions to SPDE (1.1)"]. As- 
sume that (A) and (Fl) hold, and letp,K* be as in Theorem 2.2. 

(i) There exists a conservative strong Markov process M := {0,,J^, {J-t)t>o, 
{xt)t>o, i^x)xeXp) in Xp with continuous sample paths in the weak topology 
whose transition semigroup is given by {pt)t>o from Theorem 2.2. In partic- 
ular, for Ak* as in Theorem 2.2(ii), 



Uo J 

(ii) ("Existence") Let ki G {0,kq — k*). Then M satisfies the martingale 
problem for [L^T)^-^), that is, for all u G "D^j and all x G Xp, the function 
ii— > \Lu{xt)\ is locally Lebesgue integrable on [0,oo) ¥x-a.s. and under 



is an {Tt)t>0'mo-'''tingale starting at (cf. [54] j. 

(iii) ("Uniqueness") M is unique among all conservative (not necessar- 
ily strong) Markov processes M' := {Q.' ,J^' ,{T'i)t>o,{x^)t>Q,{T''x)x&Xp) with 
weakly continuous sample paths in Xp satisfying the martingale problem for 
{L,T>) [as specified in (ii) with T> replacing f^i] and having the additional 
property that, for some k G (0, kq), there exists G (0,oo) such that 



(iv) Ifp>2q2-6 + 4/qi, then M weakly solves SPDE (1.1). 

Proof. Corollary 4.2, Remark 6.6, Theorem 7.1 and Remark 7.2 below. 

□ 

Theorem 2.4 ("Invariant measure"). Assume that (A) and (Fl) hold. 
Letp,K* be as in Theorem 2.2. 

(i) There exists a probability measure fi on Hq which is ^^L-infinitesmally 
invariant," that is, Lu^L^{HQ,fi) and 




for all X G Xp. 




t>0 



(2.18) 




for all X ^ Xj 



(2.19) 




for all u£T> 



(L*fj. = for short). Furthermore, 



(2.20) 
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(ii) fi, extended by zero to all of Xp, is {pt)t>o-invariant, that is, for all 
/ : X — > M, bounded, measurable, and all t > 0, 

J Ptfdn = J fdfj. 

[with {pt)t>o from Theorem 2.2]. In particular, ^ is a stationary measure for 
the Markov process M from Theorem 2.3. 

Proof. See the Appendix. □ 

3. Finite-dimensional approximation: uniform estimates. In this section 
we study finite-dimensional approximation of (1.2)-(1.3). The results will 
be used in an essential way below. 

The main result of this section is Proposition 3.4, giving estimates on 
the resolvent, including its gradients associated with the approximation 
of our operator L on [cf. (3.3) below], but these estimates are uniform 
with respect to A'^. As a preparation, we need several results of which the 
second (i.e., an appropriate version of a weak maximum principle) is com- 
pletely standard. Nevertheless, we include the proof for the convenience of 
the reader. 

Below, the background space is the Euclidean space M^, A G N, with the 
Euclidean inner product denoted by (•,•), dx denotes the Lebesgue measure 
on and LP(M^), W[^^{R^), r G NU {0}, p € [1, oo] the corresponding 
and local Sobolev spaces, respectively. 

Proposition 3.1. LetA:R^ be a symmetric strictly positive def- 

inite linear operator (matrix), F -.R'^ — > be a bounded measurable vector 
field, A* := sup^jg^jv -^(^)) ^ p g L^(R^) be strictly positive and locally 

Lipschitz and W G L£,(R^), W>0. Let 

Lu:=p^^ d[v{ApDu) + {F, Du) = Ti AD^u + {p'^ADp + F, Du) - Wu, 

nGH^fi(M^). 

Then there exists a unique sub-Markovian pseudo-resolvent (7^a)a>o on 
L°°{R^), that is, a family of operators satisfying the first resolvent equa- 
tion, which is Markovian ifW = 0, such that: 

(a) Range(7^A) C Dom := {u G np<oo ^^10^(1^^)1^^, Lu G L°°(M^)} and 

(A - L)7^A = id for all A > 0. 

(b) For all X> and f £ L°°(R^), one has \DTZxf \ G L^{R^,pdx). 

(c) For all f G L°^{R^), one has lim XTZxf = f in L^{R^,pdx). 

A^oo 
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Hence, in particular, lZ\f for f G L°°(R^) has a continuous dx-version, 
as have its first weak derivatives, and for the continuous versions of TZxf , 
A > 0, the resolvent equation holds pointwise on all o/M^. If both f and 
F above are in addition locally Lipschitz, then TZxf S np<oo ^lo'c 
every A > 0, hence, its continuous dx-version is in 



Proof. Consider the following bi-linear form {£, D{£)) in L'^{R^ , pdx): 
£{u,v):= I [{Du,ADv) - {F,Du)v + Wuv]pdx, 

D{£) := (n G wP{R^) [ [u^ + |L>up + Wu^]pdx < ool. 
Since, for all u,v £ D{S), 

(3.1) \u{F,Dv)\ < \{Dv,ADv)\+ X^lul"^, 

it follows that £ > —A*. Then it is easy to show that {£ + A^,(-, ■),D{£)) is a 
Dirichlet form (cf. [43], Section 1.4. , i.e., a closed sectorial Markovian from) 
on L^(R^, /sdx). Hence, there exists an associated sub-Markovian strongly 
continuous resolvent (-Ra)a>a, and semigroup {Pt)t>o on L'^{M.^,pdx) (cf. 
ibid.). Note that 1 e D{£) and £{1, v)=0 for all v £ D{£), provided W = 0, 
so {Rx)x>Xt and {Pt)t>o are even Markovian in this case. In particular, 
assertion (b) holds. Note that, for a bounded / G L^(]R^, pdx), we can define 

POO 

TZxf:= e-^'Ptfdt 
Jo 

even for all A > instead of A > A*. Here, the L^(M^, /9dx)-valued intregral 

is taken in the sense of Bochner. Then XRxf = XTlxf ^ f in L'^{M.^,pdx) 
and (7^a)a>o is a sub-Markovian pseudo-resolvent on L°°(R^). In particular, 
the first resolvent equation and assertion (c) hold. 

To show (a), we first note that, for A > A* and / G L°°(M^), the bounded 
function u := TZxf is a weak solution to the equation 



\u- Lu = \u- p^^ d\Y{ApDu) - {F, Du) + Wu = f in 



Hence, it follows from [28], Theorem 8.8, that u G VF^^f (M^). Then [28], 
Lemma 9.16, yields that u G Dom. Thus, Range(7?.A) C Dom, provided A > 
A*. Now let AG (0,A=,]. Then for ah A' > A=,, TZxf = Tlx' f + {\' - X)TZx'TZxf . 
Hence, TZxf G Dom and (A' - L)TZxf = / + (A' - X)TZxf. So, (A - L)TZxf = f. 
The last part follows by Sobolev embedding. □ 

Lemma 3.2. Let AiM^^M^ be a symmetric strictly positive definite 
linear operator (matrix), i^:M^ ^ be a bounded measurable vector field, 



KOLMOGOROV EQUATIONS IN INFINITE DIMENSIONS 17 

A* := sup^gKAT ^ p > 6e locally Lipschitz and W G L^^{R^), 
W>0. 

For A > A.,, let u £ W^^^{R^) n L^{R^,pdx) be a weak super-solution to 
the equation 

\u - p^^ dw{ApDu) - {F, Du) + Wu = Q on 

[i.e., a weak solution to the inequality \u — p^^ div(ApL'u) — {F, Du) + Wu > 
0]. 

Then u>0. 

Proof . For 6 G (M^ ) , choose u 9^p as a test function. Then, using 
the fact that u"*" A = 0, we obtain that, for all e > 0, 

0< - [{X + W){u^ef + {D{u~e^),ADu^) - u~e^{F,Du~)]pdx 
= - J[{X + W){u-ef + {D{u-e),AD{u~e)) - u~9{F, D{u~e))] pdx 
+ j {u~f[{De,ADe)-e{F,D9)]pdx 

{l+e)K){u-efpdx + j {u-f + ^ {De,ADe)pdx, 

where we used the fact that > 0, <S > — A* and we applied (3.1) with eO, 
^9 replacing u, v, respectively. Hence, for all e > 0, 

(A-(l+e)A*) j {u^efpdx<(^ + -^ J{u-f{D9,ADe)pdx. 

Now we choose e > such that A > (1 + e)A* and let 9 y 1 and D9 
such that {D9,AD9) < Ca- Then the dominated convergence theorem yields 
ti" = 0. □ 

Corollary 3.3. Let A-.R^ -^R^ he a symmetric strictly positive def- 
inite linear operator (matrix), F:R^ ^R^ be a hounded measurable vec- 
tor field. A* := sup^g^iv (-^(^^'"^^ -^(^)) ^ ^ > Q 6e locally Lipschitz and W G 
Li-(M^). 

Let V G C2(R^), V >1 be such that, for some Xy G R, 

(3.2) XvV - p~^ dw{ApDV) - {F, DV) + WV > 0. 

Let f G L^{R^,pdx), V'^f G L°^(M^), A > A, + Ay and u e W^^^iR^) n 
L'^(R^,pdx) be a weak sub-solution to the equation 

Xu- p-^dw{ApDu)-{F,Du) + Wu = f on 



< 
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[i.e., a weak solution to the inequality Xu — diY{ApDu) — {F, Du) + Wu < 
/]. Then 

\\V-\\\oo<J^\\V-'f\\oo- 

Proof. Let W := V^^iXyV - p^^div{ApDV) - {F,DV) + WV] and 
:= V'^u. It is easy to see that v £ W^^^{R^) n L'^{R^, V^pdx) and it is a 
weak sub-solution to the equation 

(A - \v)v - div( AV^pDv) - (F, Dv) + Wv = V on M^. 

Note that V"^ f G ^^(M^, V'^pdx). Since W>f), the result now follows from 
Lemma 3.2 and the fact that the resolvent associated on L? (M.^ ,V'^ p dx) 
with the bi-linear form 

£{g,h)-= I [{Dg,ADh) - {F,Dg)h + Wgh]V^pdx, 

(5 G<,'(M^) / [g^ + \Dg\' + Wg^]V^pdx<^], 
is sub-Mar kovian. □ 

Proposition 3.4. Let A,H:R^^R^ be symmetric strictly positive 
definite linear operators (matrices) such that AH = HA. Let F:M^ — > 
be a hounded locally Lipschitz vector field. Let 

Lu{x) := Tr {AD^u){x) + {-Hx + F{x),Du{x)), 

(3.3) 

u£W^^^{R^),x£R^. 

Let r-.R'^ —>R^ be a symmetric nondegenerate linear operator (matrix) 
such that TH = HT. Assume the following: 

(i) there exists Vq G C'^{R^), Vq>1 and \vo G R such that 
(3.4) {\v, - L)Vo > 0; 

(ii) there exists Vi G C^{R^), Vi>l and Ay, G R such that 

(Xvi -L- W)Vi > 

(3.5) 

with W{x) := sup[{DF{x)Ty,r-^y) - \H^/^y\'^],x eR^ . 
|y|=i 

Then: 
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(i) there exists a unique Markovian pseudo-resolvent {Tlx)xyo on L°°(M^) 
such that 

Range(7^A) C | n G f| W^^^{R^)\u, Lu G 1 , 

L p<oo ) 

(A — L)Tlx = id for all A > 0, and XlZ\f f as A ^ oo pointwise on for 
bounded locally Lipschitz f ; 

(ii) for a bounded locally Lipschitz f , we have 

(3.6) II^o~'^a/||oo < ^-^^o^Vlloo 
for all A > Av^, ; and 

(3.7) supFf ^|^^)7^A/|(x) < _J_essupFf V^/K^;) 

X A — Ay-^ X 

for all A > Ay, provided V-^^\Df \ G L°°(]R^) and \Df \ G L"^ {M.^ , p dx) . Here 
DlZ\f andTZxf denote the (unique) continuous dx-versions of DlZxf , Tlxf , 
respectively, which exist by assertion (i) and p{x) := exp{ — ^(rr, A~^ffx)}, 
X GM^. 



To prove Proposition 3.4, we need another lemma. 



Lemma 3.5. Let A^H-.M.^ — > be symmetric strictly positive defi- 
nite linear operators (matrices) such that AH = HA. Let F : — > be a 
bounded locally Lipschitz vector field. Let L be defined as in (3.3). 

Let T be a symmetric nondegenerate linear operator (matrix) 

such that TH = Hr. 

Let A G M, / 6e locally Lipschitz and u G W^^^(\R.^) be a weak solution to 
the equation (A — L)u = f on R^. 

Then u G np<oo W^oci^^) ^ ■= \^Du\ is a weak sub-solution to the 
equation 

{X- L-W)v = \rDf\ 

with W{x) := sup[{DF{x)Ty,r-^y) - \H^/'^y\'^],x . 
|y|=i 

Proof. Throughout the proof let {f,g) stand for f{x)g{x) dx or 
f^M{f{x),g{x))dx whenever f g e L^ {M.^ , dx) or {f,g)&L\R.^,dx), for 
/, g : RJ^ — > M or f^g: — > measurable, r/m, m = 1, . . . ,N be the (com- 
mon) orthonormal eigenbasis for H and P, Pr/^ = "yrnVm, m = 1, . . . , N . 
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By [28], Theorem 8.8 and Lemma 9.16, ^ G np<oo ^10^(1^^) • For = 
1, . . . , A^, let Urn '■= dmU. Then, for a bounded </> G W^''^{M.^), integration by- 
parts yields 

{Dum, AD4)) = -{\um - 5„J - {-H + F, Dum) - i-Hr]^ + d^F, Du),(l)). 
Set [Du] := \TDu\ and, for e > 0, [Du]e := ^/\TDu[^+e. For 9 £ C^(R^) 
and m = 1, . . . ,dim£', choose (pm '■= [dm]""' ^' '^hen 0^ is bounded and 

D(pm = -r—r—D9 + r— 6 r— -3 9 

[Du]e [Du]^ [Du]i 

with |D(/>^| G Pi LP{R^,dx). 

p<oo 

Hence, a.e. on M^^, 

m J 

m 

= {[Du]„AD9) 



+ 



9.0. / TDu r, . r, TDu 
Tr\TD^uAD^uT} - -,TD^uAD^ur- 



[Du], 



Since D{[Du]s) = ^ ^^"^j , it follows that := [Du], is a weak solution of 
the equation (A — L — We)v = G,, where 

= 77T12 (-I^'^'rz?n|2 + (rZ)u,r(Z)F)* I^^x)) 
[Du]i 



and 



[Du]^ V [Du]e J 



1 



[Dul 



o , r> . / TDu o , r, TDu 
Tt{TD^uAD^uT} - -,TD^uAD^uT- - 

[Du]s [Du]e 



We have < W a.e. so is a weak sub-solution to the equation (A — L — 
W)v = Gs- Passing to the limit as e — > 0, we see that Vs = [Du]£ converges 
to V = [Du] in Wjq'j. (M^) and, thus, the assertion follows. □ 

Proof of Proposition 3.4. Note that, provided AH = HA, we have 

Lu = p'^ diY{ApDu) + (F, Du), 

where p{x) = exp{ — ^(x, Hence, Proposition 3.1(a) implies asser- 
tion (i) except for the fact that XTZ\f f pointwise as A — > oo, which we 
shall prove at the end. 
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Let / : ^ M be bounded and locally Lipschitz and such that 

^|rZ)/| gL°°(R^) and u:=TZxf. 

By assertion (i), ti is a weak solution of the equation (A — L)u = / on 
and, by Lemma 3.5, v := \TDu\ is a weak sub-solution to the equation (A — 
L - W)v = \TDf\ on with W as in Lemma 3.5. Let first A > A* + Ay^ V 
\v^. Note that u £ L'^{R^,pdx) and v £ L^{R^,pdx) by Proposition 3.1(b). 
Then (3.6)-(3.7) follow from assumptions (i) and (ii) and Corollary 3.3, 
since /, |rL>/| e L^(M^,pdx). 

By density, for A > A=k + Avg V Avi , the operator Tlx can be continuously 
extended to the completion of the bounded locally Lipschitz functions on 
with respect to ||V^^^ " lloo; preserving the resolvent identity and esti- 
mate (3.6). Moreover, for a locally Lipschitz / such that Vf^^ f,V^^\TDf\ € 
L°°(M^) and \Df\ e L'^ (M.'^ , p dx) , estimate (3.7) holds. This is easy to 
see by replacing / by (/ V (— f)) A n and letting n — > oo. Now, for A € 
(Avq, A* -|- Xvo V Xvi], one can define 

oo 

(3.8) n, = Y.{Xo-\)'^'ni 

k=l 

with some Aq > A^, -|- Avq V Avi . The series converges in operator norm due 
to (3.6) and (3.6) is preserved: 

oo °° (\ _ 

||i^o"'^a/I|oo < E(^o - A)'=-iyo~'</lloo < E a° , U. ll^0"Vl|oo 

k=l k=l - ^Vo) 

^ 'Vo-Vlloo. 



A - Avo 

On L°°(M^), obviously Tlx defined in (3.8) coincides with Tlx defined in 
Proposition 3.1 with 1^ = 0. So, XTlx remains Markovian for A G (Avq, A* -|- 
Avo V AyJ. By similar arguments, using the closability of TD, we prove that 
(3.7) is preserved for A G (Avi, A* + Avo V AyJ. 

We are left to prove that XTlxf — > / pointwise on as A — > oo, for any 
bounded locally Lipschitz /. The proof is by contradiction. Let xq S 
such that for some subsequence A„ — > oo and some e G (0, 1] , 

(3.9) \XnTlxJ{xo)- fixo)\>e V?iEN. 

Selecting another subsequence if necessary, by Proposition 3.1(c), we may 
assume that the complement of the set 

M := <! X G R^ 



lim An7^A„/(x) = f{x] 

n— >oo 

in R^ has Lebes gue measure zero, so M is dense in R^. By (3.7), the 
sequence (A„7^A„/)neN is equicontinuous and converges on the dense set M 
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to the continuous function /, hence, it must converge everywhere on M'^ to 
/. This contradicts (3.9). □ 

Lemma 3.6. Let y:M^^[l,oo) be convex (hence, continuous) and 
let r:M^— be a symmetric invertible linear operator (matrix) and 
f : M.^ -^M. be locally Lipschitz. Then 

fi-in\ iiT/-iirn#iii 1 l/(yi) - /(y2)| 
(3.10) \\V rL»/ oo= sup --. 

yi,y2m^^iyi)^^iy2) |r Hyi- 2/2)1 

Proof. We may assume that / G C^(M^). The general case foUows by 
approximation. Let x G M^. Then we have 

' \TDfix)\= hm ' l/(yi)-/(y2)l 



V{x)' y^'y^^"" V{yi)\/V{y2) \T-Hyi-y2)\ 

On the other hand, for yi,y2 G 

1 |/(yi)-/(j/2)| 

v{yi)vv{y2) |r-i(yi- 2/2)1 
1 



V{yi)VV{y2) 

X ['(TDfiryi + (1 - r)y2),r-i(y2 - yi)\r-\y2 - yi)\~^) dr 
Jo 

<\\V-'\TDf\\U 

where we used that V{Tyi + (1 — T)y2) < V{yi) V V{y2), since V is convex. 
Hence, the assertion foUows. □ 

Remark 3.7. We note that if the right-hand side of (3.10) is finite, then 
/ is Lipschitz on the level sets of V. 

4. Approximation and condition (F2). In this section we construct a se- 
quence Fjsf : Efyf En, G N, of bounded locally Lipschitz continuous vec- 
tor fields approximating the nonlinear drift F. The corresponding operators 
Ltv, iV G N, are of the form 

Lnu{x) := iTr(^ArD2u)(x) + ix" + FN{x),Duix)), 

(4.1) 

ueW^^l{EN),x<-EN,N en, 

whose resolvents (G^^^)a>o, lifted to Xp, will be shown in Section 6 to 
converge weakly to the resolvent of L. 

We introduce the following condition for a map F : Hq X: 
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(F2) For every A; G N, the map F^''^ := {F,r]k) -.Hq^Mis \ ■ 1 2-continuous 
on I • |i^2-balls and there exists a sequence F/v - En — > En, iV G N, of 
bounded locahy Lipschitz continuous vector fields satisfying the fol- 
lowing conditions: 

(F2a) There exist kq S (0, ^] and a set Qrcg C [2, oo) such that 2 G 
Qrcg and for all k G (0,ko)) Q £ Qreg, there exist mg^^ > and 
A<;,K G M such that for all G N, 

(4.2) LNVq^^,:= LNiVg^f^lE^) < Xq,KVq,K- rUq^^^Qg^^ onEN- 

(F2b) For all e G (0, 1), there exists Ce G (0, oo) such that for all iV G N 
and dx-a.e. x G Ejy (where dx denotes Lebesgue measure on 
En) 

{DFN{x)y,y) < \y'\l + {e\x'\l + Ce)\y\l ^yGEN- 
(F2c) limTv^oo \PnF - En o Pn\2{x) = y x £ 

(F2d) For kq and Qrcg as in (F2a), there exist k G (0, kq), p G Qrcg such 
that, for some Cp^^ > and some uj : [0, oo) [0, 1] vanishing at 
infinity, 

\FnoPn\2{x)< Cp,Kep,«(x)w(ep,«(x)) vx G FoSiv G N. 

Furthermore, we say that condition (F2-|-) holds if, in addition, to (F2) we 
have: 

(F2e) For all e G (0, 1), there exists Cg G (0, oo) such that, for all iV G N and 
dx-a.e. X G En, 

{DEN{x){-A)'/'y, (-A)-V2y) < \y'\l + ^e\x'\l + C^Ml 

Vy G En- 

The main result of this section is the following: 

Proposition 4.1. Let F be as in (2.15) and let assumptions (^), 
($1)-(<1>3) be satisfied. Then (F2) holds. More precisely, (F2a) holds with 
^0 ~~8^)^' Qreg [2>c>o), (F2c) /loWs Uniformly on HQ-balls, and (F2d) 
holds with p G [2, oo) n (^2 — 3 -|- ^, oo) and any k G (0, kq). If, in addition, 
($4) is satisfied, then (F2-I-) holds. 

To prove our main results formulated in Section 2, we shall only use 
conditions (F2), (F2-I-), respectively. Before we prove Proposition 4.1, as a 
motivation, we shall prove that (F2) [in fact, even only (F2a)-(F2c)] and 
(F2e) will imply regularity and convergence (see also Theorem 6.4 below) of 
the above mentioned resolvents (Gj^)A>o- 
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Corollary 4.2. Let (A) and (F2a)-(F2c) hold and let Ln be as in (4.1) 
with F/v as in (F2). Let ('7^^^^)a>o be the corresponding Markovian pseudo- 
resolvent on L°^{En) from Proposition 3.1. For a bounded Borel measurable 
/ : X — > M, we define 

Then XG^-^^ is Markovian and XG^^^ f — > / o Pn pointwise as A —> oo for all 
bounded f which are locally Lipschitz on Ej^f. 

Let Ko, Qreg be as in (F2a) and let n e q G Qrcg with Xg^^ o,s in 

(F2a). Set A'^ := Ag^^ + Cmq^KJ with mg^f^ as in (F2a) and function e i— > 
as in (F2b). Let iV € N and f G Lipg ^ / bounded. Then 

(4.3) |Gf)/(x)|<-^— y,,,(Pjv2;)||/||g,K, xeXg,X>Xg,,, 



and for yi,y2 G -5^, 



9' 



|Gr/(?/i)-GfV(2/2)| < |GfV(2/i)-GfV(y2 



|yi-y2|2 |-PAf(yi -y2)|2 

(4-4j < r [Jhq,K, 

a>a;,. 

Ln particular, if X> A^ ,. V Xg^^, then G^^^ f G n£>o^g,«:+£ o^'^^j provided 
f £V, G^^^f E ne>o^£- Furthermore, for all x£H^,X> X'g ,,, 

|(A-L)GfV(^)-(/oPTv)(x)| 
(4.5) ^ 

< T ^1^^^ - Fn o Pjv|2(x)a^y9,«(x)(/)o,g,^. 



In particular, for all A* > A' , 



(4.6) lim sup A|(A-L)G\"'7-/|(x) = VxG//(J. 

If, moreover, (F2e) holds, let X'g,, := Xg^^ + Cmq^^, with nig^^ as in (F2a) 
and function e ^ Ge as in (F2e). Then, for N £ N and f £ Lip^ g ,., / 
bounded, we have, for yi,y2 £ Xg, 

f,^. |GfV(yi)-Gr/(y2)| ^ VgAPNyi) VqAPNy2) , 

^ ' |(-A)-V2(,,_y,)|, - A -A',',. ^^^^"^'^ 
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Proof. To prove (4.3), (4.4) and (4.7), fix a; G Xg. By (F2a), we can 
apply Proposition 3.4 with Vq := Vg^^l^^ to conclude that, for A > Xq^n, 

< yA—^iAPnx) sup V-,\y)\fiy)\ 

< yA—^iAPnx) sup v-,Hy)\fiy)l 

^ — '^q,K y&Xq 

which proves (4.3). By (F2a), (F2b), respectively, (F2a), (F2e), we can apply 
Proposition 3.4 with Vi := Vq^^lEN *° conclude that, for A > Aq := A'^,, or 
X'^ i^ if I := 0, respectively, I := 1 and all ?/i,?/2 G Xg, 

1^^/(2/1) -GfV(y2)| 



|(-A)-'/2(y,_y2)|2 

iT^f ^ (/ \Er, ) {PNyi ) - (/ ) {PNy2) 



< 



\{-A)~i/^{PNyi-PNy2)\2 



<Vg,n{PNyi)yVg,^{PNy2) sup V~^{y)\{-A)'/\Dnf\f\E^){y))\^ 

, VqAPNyi)yVqAPNy2) 

— \ \ [J )l,q,Ki 

A - Ao 

where we used both Proposition 3.4 and Lemma 3.6 in the last two steps. We 
note that, by our assumption on kq in (F2a), we really have that {DJIej^I G 
L'^{En, pdx), so the conditions to have (3.7) are indeed fulfilled. 

By the last part of Proposition 3.1, we have that u := TZ^^^/Ie^ G C2(E^) 
and that 

(4.8) \u{x) - Lnu{x) = f{x) Mx^En- 

Hence, it follows from (4.3), (4.4), Lemma 3.6 and (2.8) that G^^^f G ne>o^p,K+£ 

and, provided f GV, that G^^^ f £ (^^^qV^. Furthermore, (4.8) implies that, 
on H^, 

|(A-L)((7^f)/b,)oP^)-/oP^| 

= \{PnF - Fn o PN,D{nPf\Ej o P^)| 

< T \j—\PnF -FnO PN\2{f)o,q,KVq^K O Pn , 

where we used (4.4) and Lemma 3.6. Now (4.5) follows by (2.8) and (4.6) 
follows by (F2c). □ 
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Now we turn to the proof of Proposition 4.1, which wih be the consequence 
of a number of lemmas which we state and prove first. 

In the rest of this section, (j):{0,l) x M — > M will be a function square 
integrable in the first variable locally uniformly in the second and continuous 
in the second variable, and ip G C^(R). For such functions, we define 

(4.9) F^{x) :=(!){■, x{-)), G^{x):=x'^' ox, x,yeHl 

Note that F^:H^^X and G^:H^^ X. 

Lemma 4.3. Let Tp satisfy (^'), and 9 e C^(-l,l), < < 1, 
^ ^[-1/2,1/2] = 1- For N £n, let i)^^\x) := tP{x)9{§), x G M. 

Then for G N, tl^^^^ G C^'^(M) satisfying {^) uniformly in N , that is, 
with some C >0 and Co : ]R_|. — > ]R_|., ci)(r) ^ as r —> oo, independent of N . 
Moreover, \G^(n) — G^|2 —^0 as N ^ oo uniformly on balls in Hq. 

Proof. Let, for x G M, ei{x) := xO'ix) and 6*2(2;) := x'^e"{x). Then 

4x\x)=^,,{x)e{§) + 2^ei{§) + ^92{§). Hence, the first assertion 
follows from Remark 2.1(i). 

Note that ip^^\x) =ip{x) whenever \x\ < Hence, the second assertion 
follows. □ 

Lemma 4.4. Let 9 G C°°(M), odd, 0<9' <1, 9{x) = x for x e [-1, 1] 
and 9{x) = | sign(x) /or x G M \ [-2, 2] . 

For iV G N, let 9n{x) := N9{N-^x), xGR and tpN ■= 9n o (p- 
Then for all G N, (pN is a bounded function. 

If (f) satisfies ($l)-($3), then so does p^q, G N, with the same (72 ^ 1 
and functions g, Hq, hi, go, gi anduj. Moreover, \Ffj, — -F^j^b ~^ as N ^ 00 
uniformly on balls in Hq. 

If, in addition, p satisfies ($4), then pN is twice continuously differen- 
tiable and 




rG (0,l),xG]R, 



and 




r G (0,1), X GM, 



with eg := 1 Vsup^^2|0"(^)|. 
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Proof. The first assertion is obvious. Then, given that (p satisfies ($1), 
($2), so does (pN since is an odd contraction. Note that 0]\[{rj) — 6iy{^)<0 
whenever r/ < ^ and < ONiv) ~ ^iv(0 < ^ — ? for r/ > ^. So, (^>3) holds also 
for (p]sf if it holds for (f). To prove the next assertion, we note that, since 
On{x) = X if < N , for x G Hq, condition ($1) implies that {g{l + < 
N] (l{4){-,x{-))=<j)N{-,x{-))]. Hence, again by ($1), 



Wet, - F^J^{x) = j \(t){r,x{r)) - (i)N{r,x{r))\ dr 

< 4(1 + \x'\ff j \g>N/iiM.\''^)}9\r)dr, 

which converges to zero as ^ cxo uniformly for x in any ball in Hq . 
Finally, the last assertion follows from the following identities: with 9{2) (0 



d 



(PN = [On ° 4>)Oxr4> + l{|0|>Af} [0{2) °J^j ^ • 



dxryJN — ^ H')<^xr'F -^{|0|>Af} \^"^(2) J ^ ' □ 

Lemma 4.5. Let 5 £ C^{{— 1,1)), nonnegative, even, and J6{x)dx = l. 
For /3 G (0, 1), X G M, r G (0, 1), let 

^^^''''^ fi^r{l-r)^{p^r{l-r)) 

and 



r,x):= / 4>{r,x -y)6i3{r,y)dy. 
Then 0^(r, •) G C°°(M) for all re (0,1). 

If (p is bounded, then, for /3 G (0, 1), n = 0, 1, 2, . . . , x G M and r G (0, 1), 



Qn 



dx''' 



(/JV^(l-r))" 



If 4> satisfies (<I>l)-($3), then cpp, /? G (0,1), does so, with the same qi G 
[2,oo] and q2 G [l,oo) and functions hi and gi and g' = 2'^'^'^^g, /iq = hi + 
/io + 2'?2+2g, 5(o = 5o + 9(sup,,a;(r))5-i, and J {r) := | sup{w(s)|s > §}, r > 0. 

Moreover, [F^ — F^^|2(x) ^0 as /? ^ uniformly on balls in Hq. 



Proof. The first two assertions are well-known properties of the con- 
volution. By (^>1), for ah /3 G (0, 1), x G M and r G (0, 1), 
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\(l)f3ir,x)\ <g{r) / {I + \x - y\'^'^)5p{r,y) dy 

JR 

< 2'i^g{r) {l + + (/Jy^r(l-r))''2 y dj/) . 

So, all (3 £ (0, 1), satisfy (^>1) with g' = 2'i^+^g. 

By Remark 2.1(iv), since <j)p satisfy ($1) uniformly in /3 G (0, 1), it suffices 
to verify ($2) for all a; G M, > 1. Then sign(x — y) = sign(x) for all y £ 
U/3,re(o,i) ^^^PP^/3('"' ■) (O'l)- Since (j) satisfies {^2), for a.e. 

r £ (0, i), all X G M, |x| > 1, /3 G (0, 1), we obtain 

(pp{r, x) sign{x) = / sign{x - y)(j){r,x - y)6f3{r,y) dy 
JR 

<ho{r) + hi{r) / \x - y\5/3{r,y) dy 
JR 

< ho{r) + hi{r) (^\x\ + p^r{l-r)J^ |y|<5(y) dy^ . 

Hence, (/i^, /3 G (0,1), satisfy {^2) with the same hi as <j) does and with 
K = hi + ho + 21^+^g. 

Set ^(r,x) := -^7=;y> 2; G M, r G (0,1). By ($3), for all p G {0,po), x eR, 

A^GN, /3g (0,1), rG (0,1), 

-((/)/3(r,a; + /)) -(/>/3(r,a;)) 
P 

= - [ {4>{r, x + p-y)- (pir, x - y))6p{r, y) dy 

P JR 

<9o{r)+gi{r) / \i{r,x -y)\'^~'^/^^uj{\i{r,x -y)\)5f3{r,y)dy 
JR 

= 9o{r)+gi{r) f \ar,x) - Py\''~'/P^ujmr,x) - Py\)6{y)dy. 

JR 

By Remark 2.1(iv), we may assume uj nonincreasing, by replacing uj with 
uj{r) := sup J. uj{s). Then, for |^(r, x)| < 2, 

/ |e(r,x) - /3y|2-^/Pic^(|e(r, x) - (3y\)6{y) dy < 9lo{0), 

JR 

and, for \C{r,x)\ > 2, ^\^ir,x)\ < \C{r,x) - I3y\ < ||C(r,x)|, provided \y\ < 1, 
hence, 

/ |e(r,x)-/3y|2-VPi^(|^(^,^)_/3y|)5(y)dy<(||e(r,x)|)2^i/^^cu(i|e(r,x)|). 



KOLMOGOROV EQUATIONS IN INFINITE DIMENSIONS 29 

Thus, (j)i3, /3 G (0,1), satisfy (<1>3) with the same gi as (j) does, and with 
g'o = go + 9a;(0)5i and w'(r) := |(i(§), r e M+. 

Finally, to prove the last assertion, we first note that, for all x G Hq and 
/3g(0,1), 

2 /"l 2 

l^<^--^<}!'0l2(a^) =y \4>{r,x{r)) - (/)(3{r,x{r))\ dr 



< / sup \(j){r,y) - (j)i3{r,y)\ dr. 

" J/GK 
|S/|<N'|2 







But (j)p{r,y) — > (p{r,y) as /3 — > locally uniformly in y for all r S (0, 1) and, 
since we have seen that each (j)^ satisfies (<&1) with 2'i^'^^g and q2, we also 
have that the integrand is bounded by 

2^'^^+*gir)\l + {\x'\2 + iy'f. 

Therefore, the last assertion follows by Lebesgue's dominated convergence 
theorem. □ 

Lemma 4.6. Define, forN£n,u£ Wi^I{En), 
L^^^u{x) ■.= \Tx{AnD'^u){x) + {x" + F^{x) + G^{x),Du{x)), x G En- 
Assume that (^2) holds. Let kq := "^-^^ . For tie (0,k;o), let \^,:=2kTtA + 



■. Then 



4— 2|/ii |i— Sftao ' 

(4.10) := L^^^{V^\e^) < A^Vk on En, 
and, for all A > 2Ak, 

(4.11) L^^^V^ < AK - 'Wk,a0k on En, 
with 

/A \h 

(4.12) m^,A:=min -,2K-|/ti|i«;- ^ ' . - Aook'^ ] (> 0). 



A-4KTr^ 

Moreover, for all q G [2, cxd) and k G (0, kq), there exist Ag,K > 2Ak and 
mq^,.^ < mm{q{q — l),mi^^x} depending only on q, k, |/io|i, \hi\i, \A\x-*x md 
Ti A such that 

(4.13) L^^jJjVq^K '■= Lrf),^{Vq^K \ E^) < ^q,KVq^K — 'mq^K'8>q,K On En ■ 

Proof. First observe that, due to ($2), for ah q G [2,oo) and x G H^, 

(4.14) {F4x),x\xr^) < f\hi\x\'i + /lokp-') dr < + |/io|ik|^^ 

Jo 
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and 

{G^{x),x\x\''-^) = -{q-l) f\'\x\'i-^^ljoxdr 

(4.15) 

= -{q-l) V(T)|Tr-2^r = 0, 

Jx(0) 

since x{l) = x{^) = 0. 

To prove the first assertion, note that, for x E E^, i,j = l,...,N, 

(4.16) di\x\l = 2{x,r]i) and df j\x\l = 2{7]„ = 26ij. 
So, we have, for x E by (4.15) with q = 2, 

(4.17) L<^,v,K(2;) = 2Ke''l^-l2 (TV ^tv + {F^{x),x) + 2K(rE, Ax) - \x'\l). 
Now (4.14) for q = 2, together with the estimates |x|oo < "Tjl^'l^ ^^'^ 

inequality ab < 2ec? + ^ , a, 6, e > 0, imply that, for all e > and x E ii\ , 

(W,x)<(i|/ii|i+e)|x'|i + M, 

hence, 

Tr + (F^(x),x) + 2k{x,Ax) - \x'^2 



<TrA+M_(^l_l|/,^|^_,_ 2^ao) \x^\l 

So, (4.10) follows by choosing e > so that the last term in brackets is equal 
to zero. Equation (4.11) follows by choosing e > so that 

To prove the second assertion, observe that, for x E -Etv, ^5 J = Ij • • • j -^j 

di\x\\ = q{x\x\''~^,r]i), 

, , d%\x\\ = q{q-mxr\i,^,), 

(4.18) 

dj{x\x\^ '^,rii) = {q-\){\x\^ ^^?^^?i), 
(x|x|'?-2,x") = -(9- l)|x'|x|«/2-i|2_ 

So by (4.15), we have, for x E Ejq^ 

L^,.4,Vq^^{x) = (1 + \x\^g)L^^^Vf,{x) 

(4.19) + ge'^l^l2[(F^(x), Ixj-^-^x) + 4.k{Ax, \x\i-^x)] 

N \ 



+ q{q-l)e 



k\x\'^ 
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It follows from (4.11) that, for all A > 2Ak, x G E^-, 

(4.20) (1 + |xpL^,^K(x) < n,K(x)(A - m«,A(k'li + l))- 

Below we shall use the following consequence of the inequality \z\'^ <2|2;'|2|2|2, 
z e Hi: For x ^ and q>2, 

\x\l, = \x\x\'^"-'t < 2\{x\x\'i/'-')%\x\x\'i/'-\ 

(4.21) 

= q\x'\x\i/^-Wx\f\ 

It follows by (4.14) and (4.21), together with Young's inequality, that 
there exists ci{q) > depending only on q, such that, for all e > 0, 

iF^ix),\x\'i~^x) 

<|/ii|i|x|^ + |/io|i|rE|^-i 
<q\h,\,\x'\x\'j/^-'\,\x\f 

(4.22) 

<e\x'\x\'^/'-'\l 

It follows from the estimate \z\p < \z\oo, (4.21) and Young's inequality 
that, for every e > 0, 

\{Ax, Ixl^-^x)! < \A\x^x\x\2\x\l-l2 < lAlx^xlxll, 

(4.23) KqlAlx^xWlxl^/^^Wxlf 

<e\xU'^'-'\l+'^JA\j,^^\x\^^. 

Next, observe that J2f=i ^avf {"i") ^ foi^ ^ (0)1)- Hence, it follows 
by (4.21) and Young's inequality that there exists C2{q) > depending only 
on q, such that, for every e > 0, 

/ Af \ N 

\ j=l / j=l 

(4.24) < (?(''-2)/'?|x'|x|''/2-l|(''-2)/5|^|(g-2)/2T^^ 

<6ix'|xr/2-i|^ 

+ C2(g)(TVA)2''/('?+2)^-('?-2)/(g+2)(i^|^|g)_ 
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Collecting (4.22), (4.23) and (4.24), we conclude that there exists Cg>0 
depending only on q, such that, for every e G (0, 1), 

ge^l^li [(F^(x), Ixj-^-^x) + 4k{Ax, \x\^-^x)] 



+ qiq-l)e 



k\x\2 



N 



19-2 



'£Auvf]-\x'\x\''/'-' 



i=l 



-q{q-l- (4k + g)e)K(x)|x'|x|«/2-i|2_ 
This together with (4.20) and (4.19) implies (4.13). □ 



Lemma 4.7. Let (p be continuously dijjerentiable in the second variable 
such that sup|^|<fl(/>a;(-, G L^{0, 1) for all R>0 and let 4> satisfy ($3). 

Then there exists a nonnegative function C{e) depending only on lo, 
Pi, \9o\i o,nd \gi\pj such that, for all e > and x,y G Hq, 

dy{F^,y){x)<'^\y'\l + {e\x'\l + C{e))\y\l 

If, moreover, (p is twice continuously differentiable and there exist g2,g3 G 
L^(0, 1), 54,55 G L^(0, 1) and a bounded Borel-measurable function 
u) :R_|_ — > M+, uj{r) — > as r ^ oo, such that 

1/2 

"'v^(i-o^' 

rG (0,1),xGM, 
and 



\^xx{r,x)\ <g2{r)+g3{r) 



(4.25) 



LO 



\(pxrir,x)\ <giir)+g5{r) 



X 



Vril-r) 



3/2 



CO 



r G (0, l),x G 



[which is the case, if(f> satisfies ($4)] then there exists a nonnegative function 
e^C{e) depending only onu, pi, \go\i, \gi\p^ \g2\2, \g3\2, \gi\i and \g5\1 
such that, for all e > and x,y £ Hq , 



2 

e)\y\2- 



Proof. As before, we set a{r,x) :- 



--. Since (j) is continuously 



\/r-(l-r) ' 

differentiable in the second variable, ($3) implies that, for all x G M and 
rG (0,1), 



(4.26) 



^x {r, x) < go (r) + 51 {r)\a{r, x) p-^Pi cu(a(r, x)). 
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Fix X G Hq. Note that, for ,^,77 G Hq, since sup|g|<^0a;(-,^) G L^(0, 1) for 
all ii > 0, we have 

dAFs,ri){x) = I ^{r)r]{r)(f)x{r,x{r))dr. 
Jo 

Hence, (4.26) implies that, for y G Hq, 

dy{F^,y)ix)= [ {y^){r)(t)x{r,x{r))dr 
Jo 

< \y\lc\90\1 + |yl2pi/(pi-i)bi|pik^^^^^''^°o-|oo(3;), 

where, for a,/3 > 0, we set 

\a°'uj^ o a\oo{x) := sup \a°'{r,x{r))uj^{a{r,x{r)))\. 

re(0,l) 

Note that, for y G -ffg, |y|^ < 2|y'|2|y|2 and, hence. 

Hence, by Young's inequality, there exists Cp^ > such that 

dy{F^,y){x) < + c,M9o\i + bil^f/^'^-^VVP^/^'^^-'^ ° ^U^)]- 
Observe now that, for all e > 0, 

with C{e) := sup{cpj5i|pf /^^*'^"^^s2^2pi/(2pi-i)(^)|g > q ^^^^^ ^^^^ 
Cpi\gi\p^^^^'^^^~^^uj'^^'^/^'^P'^~^\s) > e}. Now the first assertion follows from the 
inequality |(7|oo(2;) = sup^, ^^^^^^ ^ < V^l^^'b, x G Hq, which is a consequence 

of the fundamental theorem of calculus (or of Sobolev embedding). 

To prove the second assertion, let z := (— A)~^/^?/, y G H^. Then 
(_A)i/2y = |/|2 = |y|2 and \z"\2 = \y'\2- Moreover, 

5{-A)i/2,(i^<^, (-A)-i/2y)(x) = - z"(r)z(r)<^,(r, x(r)) dr 

= / |z'p(r)(/)a:(r, x(r)) dr 
(4.27) ^ 



+ / z'(r)z(r)x'(r)(/)2;x(r, x(r)) dr 







+ / z'{r)z{r)4>,j,r{r,x{r))dr. 
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We can estimate the first term in the right-hand side of (4.27) in the same 
way as above. Indeed, note that (4.25) was shown in the proof of Re- 
mark 2.1(v) to imply (4.26). So, as above, we obtain that there exists a 
nonnegative function e ^ Ci{e) depending only on to, pi, \go\i and \gi\p-^ 
such that, for all e > 0, 

' \z'\\r)cl),{r, x{r)) dr < \\z"\l + {£\x'\l + Ci(e))|z'|i 







(4.28) 

<\\y'\i + {e\x'\i + C,{e))\y\i 

To estimate the second and the last terms in the right-hand side of (4.27), 
we note that 

l^'loo < {2\zWz'\2f'^ = {2\y'\M2f/\ kloo < 2-'l'\z'\2 = 2-^l^\y\^. 
By (4.25) and the estimate |cr|oo(a;) < \/2|x'|2, we conclude that, for all e > 0, 

\(t)xx{-,x)\2 < \g2\2 + \g3\2\o-^^'^t^ o Cr\^{x) 

< ^:^,e\a\l/\x)+C2{e) < ^e|x'|f + ^^(e) 



and 



< \g4\1 + \g5\iW^^^^ ° (^\oo{x) 



with 



C2(e) := b2|2 + sup||53|2S^/^a;(s)|s > such that |g3|2^(s) > ^"^171' 
C3(e) := |fi(4|i + sup(|g5|is^/^a;(s)|s > such that \g5\iLo{s) > 



6-23/4 



Thus, it follows from Young's inequality that there exists a nonnegative 
function e^C{£) dependent on (j, \g2\2, \g3\2, \g4\1 and \g5\1 only such 
that, for all e £ (0, 1), 



z'{r)z{r)x'{r)(l)x^{r,x{r))dr + / z' {r)z{r)4>„{r,x{r)) dr 

Jo 

< W\l%fAh^\x'\T + W\2C2ie) + ielx'lf + C3(e)] 
<l\yf2 + {e\x'\l + C{e))\y\l 
Now the second assertion follows from (4.28). □ 
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Lemma 4.8. Let ip satisfy {"if). 

Then there exists a nonnegative function e i— > C(e) depending on uj and 
C such that, for all e > and x,y £ Hq, 

dyiG^,y)ix)<l\y'\l + ie\x'\l + Ce)\y\l 

(4.29) 

5(_A)V2,(G^, (-A)-i/2y)(x) < + ie\x'\l + Cs)\y\l 

Proof. Fix x £ Hq. Note that, for ^,7] £ Hq, we have 

{G^ ,r])ix) = - [ ^rj'i^x o x dr. 
Jo 

Hence, for ah y £ Hq , 

9y{G^,y){x) = -\ I {y'^yip^oxdr 
Jo 

= i /" y'^x'i;xxoxdr<^\y\l\x'\2\'iljxxox\oo- 
•J 

Set z := (-A)-i/2y go that (-A)V2y = Then 

d(^_Ay/2y{G^,, (-A)"^/^y)(x) = z'z'tpx oxdr< \\z\\\x\2\il^xx o x\oo- 

Note that \yW < |y|oo|y|2 < \/2|y'l2''^|yl2''^- Hence, by Young's inequahty, 
there exists c > such that 

dy{G^,,y){x)<^\yf, + c\y\l\xf,^^\7l^xxOx\ti^ 

5(-A)V2,(G^,(-A)-V2y)(^)<i|y'|2 + a|y|2|^'|f |V;,,o:r|^3^ 

imphes that, for all e > 0, \'il^xx\^^''^ (x) < e\x\'^/^ + C{e) with ^(e) := 
sup{(C + r^/'^uj{r))'^/^\r > such that Gr'^/^ + uj{r) > e^/^}. Now the as- 
sertion follows from the estimate |a;|oo^^|2;'|2- D 

Lemma 4.9. Assume that sup|a,|<fl £ L^(0, 1) for all R> 0. 

Then F^:Hq L^(0, 1) is \ ■ \2-c0ntinu0us on \ ■ \^i-halls. 
If, in addition, sup^ | (/»(•, < 00 and (j) is differentiahle in the second 
variable with sup|g|<j:j 

(•,01 G^HO,!) for allR>0, then, for all N £N, 
PNF(f) ° Pn ■ En En is bounded and locally Lipschitz continuous. 

If (j) satisfies (^1), then, for all p£ [2, 00), there exists Cp^q^^q^ > such 
that 

\FM^)<CpmM<iM^r'^^'''^'^''^^\^) for allx£HlK>Q. 
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Proof. Let (x„)„gN be a bounded sequence in Hq and lim 
Hq in the | • |2-topology. Since a | • |i,2-bounded set is compact in Co(0, 1), we 
conclude that x uniformly on (0, 1) and, hence, 0(r, Xn{r)) — > (j){r, x{r)) 

as n^oo for all re (0,1) and sup„ |(/)|(r,x„(r)) < sup|^|<|3.|^+i |(/)| (r, ^ G 
L^(0, 1). Thus, the first assertion follows by the dominated convergence the- 
orem. 

Let now the second assumption hold. Then, for all n G N, x,y £ Hq, 
|(F^(x),r/„)| < SUp|0(-,O|l|?/n|oo 



\{F4x)-F4y),r,n)\ < 



sup \(f>x{-,0\ 

l5l<k|ocV|s/|oo 



kniook - y\c 



1 

Hence, the second assertion follows. 

To prove the last assertion, we first note that by for all x G Hq, 

with s := and for p £ [2, oo), 

(4.30) \x\'+P/^<P±^ f'\x>\\x\p/^dr<^\x'\2\x\l/\ 

2 Jo 2 

Since |rE|^ < | 

X 1 2 1 --^ 

IL, , it follows that 



/p+2\2 ^ 1 (g2-2g2/s)/(p+2) 



l^'|2|™|P 



1^192 < |^|2'?2/S| |<?2(l-2/s) ^ |„|2g2/s 
l-^ls ^ \x\2 l-^loo — I'^l2 

Substituting s, we find 

/» + 2\(2'?2-2+4/qi)/(p+2) 

|i^^|2(x)<2M,,(^] (l + kls"'/"^) 

X [(1 + |x'|2)(l + |^|P)](<?2-l+2/qi)/{p+2)^ 

which implies the assertion. □ 

Lemma 4.10. G^, : Hq i^(0, 1) is continuous. 

If, in addition, is hounded, then, for all G N, PnG^ o Pj^ : En 
is bounded and locally Lipschitz continuous. 

If\i^'\{x) < C(l + |x|'?o), then, for allx£H^, (0,oo), p£ [2,oo), 

/n 4- 9\ 2iJo/{p+2) 

|G^b(x)<2c(^j eV2W{P+2)^^)_ 
In particular, if ip satisfies (^), then 

|G^b(x) < 2C( ^ ) e(V2)(l+3/(p+2))(^) ^ ^ ^1, 
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Proof. Let (x„)„gN be a | • |i,2-bounded sequence such that \iYnn~*oo — 
X G Hq in the | • |2-topology. Since an | • |i^2-bounded set is compact in 
Co(0, 1), we conclude that Xji > X uniformly on (0, 1) and, hence, ip o > 
ip' o X uniformly on (0, 1). Thus, the first assertion follows by the definition 
of G^. 

Let now if) be bounded. Then, for all n G N, x,y £ Hq, 

\{G^{x),rin)\ < |V'|oo|??^|l 
\{G^{x)-G^{y),r]n)\< esssup {ip' {s)\\r]'j2\x - y\2- 

|s|<|a;|ooV|j/|oo 

Hence, the second assertion follows. 

The third assertion follows from the estimate |G^|2(x) < C(l + |a;|^)|x'|2 
and (4.30). The last assertion is then clear, because we can take (?o = § by 
Remark 2.1(i). □ 

Now we are prepared for the following: 

Proof of Proposition 4.1. Let N and let Bn denote the closed 
ball in Hq of radius N. By Lemmas 4.4 and 4.5, there exist I3j\f € (0, 1) such 
that 

sup -F($^)^|2(x) < ^ 

for all (3 < (3n and (3n+i < Pn- Define 

(4.31) F;v:=F($^),^+Gvp^, Nen. 

Then limTv^oo \F — -F/v|2 = uniformly on balls in Hq, where F is as in 
(2.15), by Lemmas 4.3 and 4.4. Since by Lemmas 4.9 and 4.10, F is | • I2- 
continuous on | • |i^2-balls, and since Pnx — > x in Hq as — > 00 for all x £ Hq, 
it follows that (F2c) holds. 

By Lemmas 4.4 and 4.5, it follows that Lemma 4.6 applies to (<I>7v)^j^ and 
for all q £ [2, 00) with KcAg^^ and Jng^^ independent of A^. So, (F2a) 
holds. 

By Lemmas 4.3 and 4.5, we see that Lemmas 4.7 and 4.8 apply to ($Ar)/3^ 
and with the functions e — > independent of A^. So, (F2b) holds. 

Since in Lemma 4.9 we have (^2 — 1 + ^)/{P + 2) < 1 if and only if 
P > ^2 - 3 + I", (F2d) follows by Lemmas 4.9 and 4.10. 

The boundedness and local Lipschitz continuity of Fjy follow by Lemmas 
4.5, 4.9 and 4.10. So, (F2) is proved. 

If, in addition, ($4) holds, then (F2e) follows from Lemmas 4.7 and 4.8 
in the same way as we have derived (F2b). □ 
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5. Some properties of the function spaces WCp^^., WiCp^^ and Lipj 
Below for a topological vector space V over M let V' denote its dual space. 

The following we formulate for general completely regular topological 
spaces and recall that our X = L^(0, 1) equipped with the weak topology 
is such a space. 

Let X be a completely regular topological space, y :X ^ [l,oo] a func- 
tion, and Xy ■= {V < oo} equipped with the topology induced by X. Anal- 
ogously to (2.2), we define 

Cv :=<./: Xy ^ M|/ f{v'<_R} is continuous V-R G M4. and 

(5.1) 

hm sup I/-Vl=0i, 
R^°°{V>R} J 

equipped with the norm ||/||y := supy~^|/|. Obviously, Cy is a Banach 
space. 



Theorem 5.1. Let X be a completely regular topological space. Let 
V :X ^ [1,00] be of metrizable compact level sets {V < R}, R>0, and let 
Cy be as above. Then cr{Cy) = B{Xy) and 

(5.2) Cy = is a signed Borel measure on -^Vt J V dl^l < oo|, 

= / y . In particular, f weakly in Cy as n —> 00 if and only 

ifn) is bounded in Cy, f S Cy, and fn^ f pointwise on Xy as n —> 00. 

Proof. Let be a signed Borel measure on Xy such that / < cxd. 

Then / z^(/) := / fdv is a linear functional on Cy and, since 



fdv 



< J^-^VdW\<\\f\\yJvd\u\ 



we conclude that u £ Cy and < /ydji^l. 

Now let / S Cy. Note that, for every / S Cy, there exists x £ Xy such that 
\\f\\y = \ f\{x)V~^{x). Hence, we can apply [14], Corollary 36.5, to conclude 
that there exist positive li,l2 G Cy such that I = I1 — I2 and = |Ki||c(, + 

II/2IIC' • So, we may assume that / > 0. Let /„ E Cy, n G N, such that i as 
n — > 00. Then by Dini's theorem, /„ — > as n — > 00 uniformly on all sets {V < 
R}, R>1. Hence, ||/n||y — > as n — > 00 so l{fn) — > 0. Cy is a Stone-lattice 
generating the Borel u-algebra on Xy. Indeed, we first note that Xy G 13{X) 
as a (T-compact set, and if S G B{Xy), then B = U^i with G B{Kn), 
Kn '■= {y < n}. But since Kn is a metric space, B{Kn) = a{C{Kn)). But 
C{Kn) = Cy\j^ by Tietze's extension theorem (which holds for compact sets 
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in completely regular spaces). Hence, B{Kn) = a{Cv\j^^) = (^{Cy) H Kn- So, 
B G a{Cv)- We conclude by the Daniell-Stone theorem (cf., e.g., [5], 39.4) 
that there exists a positive Borel measure v on Xy such that 

jfdv = i{f) yfGCv. 

Since 1 G Cy, is a finite measure. To calculate let /„ t F be a 

sequence of bounded positive continuous functions on Xy increasing to V. 
Such a sequence exists by [51], Lemma II. 1.10, since Xy as a union of metriz- 
able compacts is strongly Lindelof. Then /„ G Cy and ||/n||y < 1 for all n G N 
and 

^ J fndiy ^ J V di' as n ^ oo. 

Hence, H^Hc^ = jVdv. The rest of the assertion follows from the dominated 
convergence theorem. □ 

Corollary 5.2. Let X,Y be completely regular topological spaces. Let 
G : y — > [1, cx)] have metrizable compact level sets, and let X '.V ^ [1, oo] be 
a function. Let Xy and Yq, Cy and Cq be as above. Let M:Cq — > Cy 
be a positive bounded linear operator. Then there exists a kernel m{x,dy) 
from Xy to Yq such that, for all f G Cq, Mf{x) = J f{y)m{x,dy) and 
je{y)m{x,dy) < \\M\\c,^^CvV{x). 

Corollary 5.3. An algebra of bounded continuous functions on Xy 
generating B{Xy) is dense in Cy. 

Proof. By a simple monotone class argument, it follows that the alge- 
bra forms a measure determining class on Xy. So by Theorem 5.1, it follows 
that the algebra is dense in Cy with respect to the weak topology, hence, 
also with respect to the strong topology since it is a linear space. □ 

Remark 5.4. In fact, on Xy there is a generalization of the full Stone- 
Weierstrass theorem and it can be deduced from the Daniell-Stone theorem, 
even in more general cases than considered here. In particular, the algebra 
in Theorem 5.3 generates B{Xy) if it separates points. We refer to [47]. 

Lemma 5.5. Let X be a completely regular space, let V,Q:X ^ [IjCo] 
have metrizable compact level sets, V < cQ for some c G (0, oo), and such 
that, for all R > 0, there exists R' > R such {V < R} is contained in the 
closure of the set {V < R'} H Xq. 

Then Cy C Ce continuously and densely. 
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Proof. Note that Xq C Xy. If / G Cy, then, for R G (0, oo), 

|/|<f sup \I1)v + Vr\\ 

hence, 

sup — <c sup + ^ 
{e>R} <J {V>v^} vi? 

Letting i? — > oo, we conclude that / fj^^g G Ce- Moreover, the last assumption 
implies that, if / G Cy vanishes on Xq, then it vanishes on {V < R} for every 
i? > 0, since / is continuous on {V < R'}. Hence, the restriction to Xq is an 
injection Cy — > Cq. Since V <@, the injection is continuous. The density 
follows from Corollary 5.3. Indeed, we have seen in its proof that a{Cy) = 
B{Xy). But then cj(C7y^^_ ) = a{Cy) n D B{Xy) D Xq = B{Xe), since 

XeeB{X). □ 

Now we come to our concrete situation. 

Corollary 5.6. For p G [2,oo), p' > p, and x G (0,oo), k' > k, we 
have WCp^K C WCpi^i^i and WCp^^ C WiCp^^ C VFiCp'^^' densely and con- 
tinuously. 

Proof. Note that, for x G LP{0, l),p>l, Pnx G i?o\ G N, and P^x 
X in LP(0, 1) as m ^ oo (see, e.g., [40], Section 2cl6). Also by (2.8), Vp^f^o 
Pn < oPpVp,^ and, hence, {PNx\Vp,^{x) < i?,iV G N} C {Vp,^ < aPR} D 
Furthermore, since 

^-y\{\x\p/')'\i=\x'\x\p/'-^\i 
pj 

X \x\P ' I2, 
it follows that there exists Cp G (0, 00) such that 
(5.3) @p,K<Cp(dp>^K>. 
Now the assertion follows from Lemma 5.5. □ 

Lemma 5.7. Let I e p e [2, 00), k e (0,oo), (/n)neN C Lip^^,., be 
such that f{x) := lim.„^oo fn{x) exists for all x G Xp. Then 

||/||p,K ^ liminf ||/n||p,re 
In particular, (Lip^ ^ ,^, || • ||Lip;p^) is complete. 
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Proof. The assertion follows from the fact that, for a set O and ^/;„ : 17 — > 
M, n G N, we have sup^^gj^ liminf„_»oo V'nCt^) < hminf„_oo sup^g^ V'n(w). □ 

Proposition 5.8. Let / G Z+, pG [2,oo), and kg (0, oo). Let (/„)„,gn 
be a bounded sequence in Lip^^,^. Then there exists a subsequence {fnk)keN 
converging pointwise to some f G Lip^ ^ ,,. 

Ifl>0, then f is sequentially weakly continuous on Xp. 

Proof. Let Y C Xp be countable such that Y n {Vp^^ < n} is | • |p-dense 
in {lp,K < n} for all n G N, and let {fnh)keN be a subsequence converg- 
ing pointwise on Y. Since fn^, A; G N, are bounded in Lip^p,,, they are 
I ■ Ip-equicontinuous on the | • |p-open sets {V^,k < n} for all n G N. Hence, 
there exists a | • |p-continuous function f :Xp — > M such that fn^ {x) — > f{x) 
as ^ oo for all x G Xp. By Lemma 5.7, we have / G Lip; ^ 

Since A; G N, are |(— A)~'/^ • |2-equicontinuous, / is |(— A)^'/^ • I2- 
continuous, in particular, sequentially weakly continuous on Xp. □ 

6. Construction of resolvents and semigroups. Li this section we con- 
struct the resolvent and semigroup in the spaces WCp^^ associated with the 
differential operator L defined in (1.2) with F satisfying (F2). 

Proposition 6.1. Let F:Hq^X satisfying (F2a) and (F2c), and let 
f^o, Qvcg cLnd Xq,n, niq^K for q G Qrcg be as in (F2a). Assume that Vki-F^'^^ G 
WiCq^K for all k £N for some q G Qrcg CLud k G (0, kq), ki G [0, k). Then we 
have 

(6.1) II^^L.K < IIA-u - L-ulli „ VugPki,A > Ag,«;- 

For the the proof of this proposition, we need the following two results. 

Lemma 6.2. Let q £ [2, 00), k £ {0, 00). 

(i) Kj.K "is Gateaux differentiable on L''(0, 1) with derivative given by 

(6.2) DVq^,{x) = Vq,^{x)(2Kx + -^—^x\x\'i~A (GL^/(^-i'(0,l)). 

(ii) On Hq the function Vq^n is twice Gateaux differentiable. Moreover, 
DVq^^:Hl^ Hi [cH-\ see (2.1)], D^Vq,^: ^ C{L'^{0,1)) [:= bounded 
linear operators on L^(0,1)]. Furthermore, both maps are continuous and, 
for x,^,r]£ Hi, 



{^,D\,,{x)7]) = Vq,,{x) 



(F Tlrl'?~2' 
2K{^,x)+q ^^flZ^^ ' 



1 + \x\ 
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(6.3) 



+ 2K(e,r/)+g((?-l 



l + \x\i 



{$,,x\x\'3 ^){ri,x\x\'^ ^) 



Proof. Identities (6.2) and (6.3) follow from the formulas 



d 



d 



— Ixl"^ = q{r],x\x\'^ ^), —{x\x\'^ ,r]) = {q — l){\x\'^ "^liv) ^^^d 



drj 
d£, drj 



The continuity of DVq^n and D^Vq^K in the mentioned topologies follows from 



the fact that, given Xr, 

— > X in Co[0, 1] as n — > oo. □ 



X in Hq as n — > oo, then x'^ 



x' in L2(0, 1) and 



Lemma 6.3. Let q G [2,oo) and k G (0, oo). Zei u G WCg^^ be such that 
u = uo Pjv /o?^ some N £N. Then there exists xq G (Cq n C^)(0, 1) such that 



u 



q,K 



\u\ 



{xo). 



Proof. We may assume n ^ 0. Since Vg~^^|n| is weakly upper semi- 
continuous on X and Vq^^ has weakly compact level sets, there exists xq G Xq 
such that = W\{xo)V~f};{xQ). Set xi := Pj\[Xq and X2 ■= xq — xi. Since 



u{xq) = u{Pnxo), we conclude that 

Vg,K(xo) = mm{Vq^f,{x)\x G X,Pnx 



Pnxq}. 



Hence, by Lemma 6.2(i), we have that {DVq^K{xo),ri) = for all rj G L'^{0, 1) H 
Since {r]k\k G N} is a Schauder basis of L'*(0, 1) for all s G (1, oo) (cf. [40], 
Section 2cl6), it follows that DVg^,,{xo) G En C (Co n Cl){0, 1). 

Consider h G C^(M), h{s) := 2ks + -rrfi^ s G M. By (6.2), 

J-H" 1 3^0 I q 

DVq^K{xo) = Vq^K{xo)h o XQ- Hence, /i o G (Co n C(J)(0, 1). Since, for s G M, 
h'(s) = 2k + -ttt— ttIsI''"^ > 2k > 0, the assertion follows, by the inverse func- 
tion theorem. □ 



Proof of Proposition 6.1. For iV G N, we introduce a differential 
operator L(^) on the space of all continuous functions v : Hq — > M having 
continuous partial derivatives up to second order in all directions rjk, /c G N, 
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defined by 

N N 
i=l k=l 

Let A > Ag^Ki u G T^Ki , u = uo Pj^ for some N G'N. Then, for m> N and 
xeH^, 

(A - L)u = (A - L(™))^z = -y,,,L(™)(^n7i) - 2(A^Z)F,,K,I)(^xy-i)) 

+ ny,-i(A-L(-))y,,,. 

Since u G C WCq^^, Lemma 6.3 implies that there exists xq G (Cq n 
C^)(0, 1) such that = y^X^o)- We may assume, without foss of gener- 

ahty, that u{xq) > 0. Then xq is a point, where the function uV~i^ achieves 
its maximum. Hence, 

D{uV-^){xq) = Q and L^'^\uV-^){xo) <Q. 

Therefore, 

(A - L)n(xo) > ||n||g,,liminf(A - L('"))y,,,(xo). 
For m G N, let now L^, be as in (4.1). Note that 

\Lrr,{Vq,^\Ej°Pm-L^'^^Vq,^\{x)^^ as m ^ OO, X G //q' • 

This is so since A is of trace class, (F2c) holds and, for x G Hq^ PmX — > x in 
Hq as m — > oo and hence, by Lemma 6.2(ii), DVq^i^{Pmx) — > DVq^i^{x) in 
and D^Vg^^{Pmx) D'^Vq^^{x) in C{L^{0, 1)) as m ^ oo. Hence,' by (F2a), 

{X- L)u{xo) > ||u||g,a;liimnf(A - Lm)(V'g,«;f^^)(PmXo) 

> mq^K\\u\\q,x l™inf eg,«,(Pm2;o) =m5,K||u||g,a;0g,K(^o)- 

Since, by assumption, VkiF*^*^-' G WiCq^^, A: G N, it follows that Lu G WiCq^^. 
So, the assertion follows. □ 

Now we can prove our main existence result on resolvents and semigroups 
(see also Proposition 6.7 below). 

Theorem 6.4. Let (A), (F2) hold, and let kq, Qreg be as in (F2a), 
KG (0,«;o) and p G Qreg be as in (F2d). Let k* G {k,ko), ki G (0,«;* — k], 
and let Xp^K* and A2 be as in Corollary 4.2, with k* and ki, respectively, 
replacing k. 
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Then for A > Xp^^* V A2 ((A — -L),2?ki) is one-to-one and has a dense 
range in WiCp^^*- Its inverse (A — L)^^ has a unique bounded linear exten- 
sion G\ : WiCp^K* — > WCp^i^*, defined by the following limit: 

^G\f ■= Jrn^ AG^"'^, / e Lipo^2,Ki > / bounded, A > Ap,^* V Ag^^^ , 

weakly in WCp^^* (hence, pointwise on Xp), uniformly in Xg [X^:, 00) for all 
X* > Ap^K* V A2 ^. Furthermore, 

lim A(A-L)GfV = A/ 

weakly in WiCp^^* uniformly in X £ [A*, 00). Gx, A > Ap^^* V Ag^^, is a 
Markovian pseudo-resolvent on WiCp^^* CLnd a strongly continuous quasi- 
contractive resolvent on WCp^^* with \\Gx\\wCp ^*^WCp ^* < (A — Ap^^*)""^- 
Gx is associated with a Markovian quasi- contractive Go-semigroup Pt on 
WCp^K* satisfying 

\\Pt\\wCp^^*^wCp^^, < e^P'-*\ t > 0. 

For the proof of the theorem, we need the fohowing lemma. 

Lemma 6.5. Let Gx, X> Xq, be a pseudo-resolvent on a Banach space F, 
such that II AGaIIf^f < M for all A > Aq. Then the set Fc of strong continuity 
ofG, 

Fg:={/gF|AGa/^/ as a ^00}, 
is the (weak) closure ofGx^. 

Proof. Fhst observe that F^ is a closed Imear subspace of F. Indeed, 
let f €¥, fn G Fg, n G N, such that /„ — > / as n — > 00. Then 

AGa/ - / = (XGxfn - fn) + (AGa - id)(/ - /„). 

The first term in the right-hand side vanishes as A ^ 00 for all n € N and the 
second term vanishes as n — > 00 uniformly in A > Aq, since ||AGa — id ||f^f < 
M + 1. So, we conclude that AGa/ ^ / as A ^ cxd. 

By the resolvent identity, for / € F and A, ^ > Ao, we have 

XGxG^f = G^/ — AGa/ G^f 



as A ^ 00 since ||AGa/||f < -^II/IIf- Thus, GaF C F^. On the other hand, 
Fg C GaF by definition. Finally, since GaF is linear, its weak and strong 
closures coincide, by the Mazur theorem. □ 
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Proof of Theorem 6.4. We have that (F2d) holds with k* replacing 
K, and for all keN, that F^^) G WiCp^^ by (F2c) and (F2d), so Kii^^''^ G 
WiCp^K.*- Therefore, Proposition 6.1 implies that (A — L):'Df^^ WiCp^K* 
is one-to-one with bounded left inverse from WiCp^^* D (A — L)(I?ki) to 
WCp^K* for all A > Ap^^. . 

Now we prove that (A — L) iVm ) is dense in WiCp^^* for A > A2 ■ Let m £ 
N, / e Lipo,2,Ki(C WiCp^^*), f bounded, and A > A'2^^^. By Corollary 4.2, 

4"^/ e a>o^Ki+. and, by (4.6), (A - ^ /(x) as m ^ 00 for 

ah xeH^, and by (4.5) and (F2d), 

|(A-L)Gf V(x)- (/oP^)(x)| < ^ ep,A^)V2,.ii^){f)o,2,., 

2 

= 6pA*(^)(/)0,2.>ci- 

Hence, |A(A - L)g'-^^ f - A/H as m ^ 00 weakly in WiCp^^,*-, uniformly 
in A G [A*, 00) for all A* > A2^^, by Theorem 5.1. By Corollary 5.3, V{c 

Lipo 2 Kj) is dense in WiCp^^*. So, taking f GV and recalling that G^^^ f € 
Pki by Corollary 4.2, we conclude that (A — L)(Pfti) is of (weakly) dense 
range. Therefore, for A > ^^2,^1 ^ ^p,k*-, the left inverse (A — L)~^ can be 
extended to a bounded linear operator G\:WiCp^K.* WCp^^*- Then one 
has XG^^^ f XG\f as m ^ 00 weakly in WCp^^,* (in particular, pointwise 
on Xp) for all A > A2^^^ V Xp^n* and all / S Lipg 2^^! ^ '^b(^)- So, AGa is 

Markovian and A 1— > G\f is decreasing if / > for such A, since G^^^ f has 
the same properties. In addition, for v G PV^Cp ,^*, > (cf. Theorem 5.1), 

and A > A* > A'2,«^ V Xp,^* , 

J |AGf V - XGxfl du<j GxAX{X - L)G^r^ f - Xf\ du. 

Therefore, the weak convergence of (AG^'"'*/)mGN to XG\f in WCp^^* is, in 
fact, uniformly in A G [A*,cx)). Furthermore, by (4.3), {X — Xp^K*)\\Gxf\\p^K* < 
||/||p^K*5 since Pat — > idxp strongly as — > 00 by [40], Section 2cl6. Because 
V is dense in WCp^^* , it follows that 

\\Gx\\wCp^^*^wCp^^, < (A - Ap,K*)~"^ 

by continuity. Note that, for u E P^i , X,fi> A2^^j V Ap^^* 1 one has u — G^ (A — 
L)u = — X)G^u since G^ is the left inverse to (/i — L). Hence, for / G (A — 
L)(P«;J, we have, by substituting u := Gxf, Gxf - G^f = {n - X)G^Gxf, 
which is the resolvent identity. Since (A — L)(Pki) is dense in WiGp^^* for 
A > A2 we conclude that Ga, A > A2 V Ap^^* is a pseudo-resolvent on 
WiGp^K*, quasi-contractive in WGp^^*- 
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Now we are left to prove that G\ is strongly continuous on WCp^^* ■ Then 
the last assertion will follow by the Hille-Yoshida theorem. Let f ^T) and 
let iV G N be such that f = f oPn- Then, for all x £ Xp, m>N, A > A* > 

\\Gxf{x) - f{x)\ < \XGxf - AGf + IXG^^^fiPNx) - f{PNx)\. 

As we have seen above, the first term in the right-hand side vanishes as 
m ^ oo uniformly in AG [A*,cxo). The second term in the right-hand side 
vanishes as A ^ oo for each m > iV, by Corollary 4.2. Since (A — Xp,K*)Gx is 
quasi-contractive on WGp^^*, it follows that \G\f — > / weakly in WGp^^* as 
A — > oo, by Theorem 5.1. Hence, by Lemma 6.5, G\ is strongly continuous 
on the closure of V in WGp^^*- However, by Corollary 5.3, this closure is the 
whole space WGp^^*- D 

Remark 6.6. Since by (5.3) condition (F2d) holds with p' G [^,00) n 
Qrcg, 1^' > if it holds with p G [2, co), k G (0, 00), the above theorem (and, 
correspondingly, any of the results below) holds for any n* G (k, kq) and with 
p replaced by any p' G [p, 00) H Qreg- We note that the corresponding resol- 
vents, hence, also the semigroups, are consistent when applied to functions 
in P. In particular, the resolvents and semigroups of kernels constructed in 
the following proposition coincide for any k* G (k, kq) and p' G [p, 00) n Qrcg- 

Next we shall prove that both G\ and Pt in Theorem 6.4 above are given 
by kernels on Xp uniquely determined by L under a mild "growth condition." 



Proposition 6.7 (Existence of kernels). Consider the situation of The- 
orem 6.4, let A > Xp^K* V X'2 and t > 0, and let G\ and Pt be as constructed 
there. Then: 

(i) There exists a kernel gx{x,dy) from Xp to Hq such that 

9\f{x) := J fiy)gx{x,dy) = Gxf{x) for all f £ WiGp^^,* ,x £ Xp, 

which is extended by zero to a kernel from Xp to Xp. Furthermore, Xgxl = 1, 
gx' , X' > Ap^K* V A2^^j , is a resolvent of kernels and 

9\Qp,K' {x) < — ^—Vp^f,* {x) for all x £ Xp, 

with rUp^K* as in (F2a). 

(ii) There exists a kernel pt{x , dy) from Xp to Xp such that 

ptf{x) := / f{y)pt{x,dy) = Ptf{x) for all f £ WGp,^*,x£ Xp. 
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Furthermore, ptl = 1 [i.e., pt{x,dy) is Markovian], p^, t > 0, is a measurable 
semigroup and 

PtVp,^* {x) < e^f.-* (x) for all x E Xp. 

(iii) We have 

roc 

gxf{x)= e->^-prf{x)dT 

(6.4) 

for all f £ Bb{Xp)UB+{Xp),x£ Xp. 

[ We extend gx for all A E (0, oo) using (6.4) as a definition.] 

(iv) Let X E Xp. Then 

f Pr{x,Xp\Hl)dT = ^. 

Jo 



(v) For X E Xp, 



[ PrQp.K*{x) dr <oo, 
Jo 



so 



I Pr\f\{x)dT <(yo for all f £WiCp^^*. 
Jo 

In particular, ifu^Df^-^, then t ^ pr{\Lu\){x) is in L^{0,t). Furthermore, 

(6.5) ptu{x) — u{x) = / Pr{Lu){x)dT for all u ^V^^^x £ Xp. 

Jo 

Proof, (i) and (ii) are immediate consequences of Theorem 6.4, Corol- 
lary 5.2 and standard monotone class arguments. Equation (6.4) in (iii) 
holds by Theorem 6.4 for / E WCp^^*. Hence, (iii) follows by a monotone 
class argument. Now let us prove (iv). For all / E B^{Xp), by (iii), we have 

(6.6) Prf{x)dT<e^' e-^^Prf{x)dT = e^'gxf{x), x e Xp. 
Jo Jo 

Hence, (iv) follows with / := since g\{x,Xp \ Hq) = for all x E Xp. 

To prove (v), we just apply (6.6) to / := Qp^^* and the first two parts of the 

assertion follow by (i) and (iv). Now let u E ^?ki(C WiCp^^*)- Recall that, 

by Theorem 6.4, Xu — Lue WiCp^^.*, hence, Lu E WiCp^^.*, so 

/ Pt {\ Lu\) (x) dr < oo for all x E Xp. 
Jo 

Finally, to prove (6.5), first note that, for u E ^^ki(C WCp^^*), we have 
Gxu E D{L), where L is the generator of Pt on WCp^^*, and 

(6.7) L{Gxu) = -u + XGxu = GxiLu), 
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since G\ is the left inverse of (A — L) rP^i — > WiCp^^*. Therefore, 
Pr{gx{Lu))dT= f PrGx{Lu)dT= f P^L{Gxu)dT 



(6.8) 

= PtGxu- Gxu = pt{gxu) - g\u. 
But integrating by parts with respect to dr, we obtain, for ah x E Xp, 

Pr{Lu){x) dr 



ft 

I e~^'' Pr{Lu){x) dr 
Jo 



-Xt 



Pr{Lu){x) dr dr 



gx{Lu){x) 



e"^'^ Pr{Lu){x) dr 



gx{Lu){x) 



e^^^Pr{Lu){x)dT 



dr 



e^'gx{Lu){x)-pt{gx{Lu)){x) 



- (e^* - l)gx{Lu){x) + A / pr{gx{Lu)){x) dr 

Jo 

= ptu{x) - \pt{gxu){x) - u{x) + \gxu{x) 

+ \pt{gxu){x) - \gxu{x) 
= ptu{x) - u{x), 

where in the second to last step we used (6.8) and that, by the second 
equality in (6.7), 



gx{Lu) = -u + Xgxu. 
Before we prove our uniqueness result, we need the following: 



□ 



Lemma 6.8. Consider the situation of Theorem 6.4 and let A > A2 V 
Ap^K*- Then (A — L){V) is dense in WiCp^^* ■ 

Proof. Let u e P^i and iV G N be such that u = uo Pn- Choose 93 e 
C°°(M) such that < 0, < 99 < 1, = 1 on [0, 1] and = on (2, 00). For 

Un ■= ^nU. Then Un^V and 

LUn = iPnLu + uLipn + 2{Du, AND(pn)- 

Note that, for i,j = l,...,N, there are Cj,Cij £ (0, 00) such that 



\dj(pn\ < ^l{|P^x|2<2n}, l^ijV'nl < ^ l{|Pivx|2<2n} • 
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Then < t 1 as n ^ oo, \ANDipn\ < and \Lipnix)\ < ^i\x'\2 + 

\PnF\2) < ^Qp,K*{x) for all x G Hq and some c G (0, oo) independent of 
X and n by (F2c) and (F2d). So Un ^ u and — > pointwise on Hq 
and bounded in WiCp^^*- Hence, by Theorems 5.1 and 6.4, it follows that 
(A — L){V) is weakly, hence, strongly, dense in WiCp^^*- D 

Proposition 6.9. Consider the situation of Theorem 6.4 and let {pt)t>o 
be as in Proposition 6.7. Let {qt)t>o be a semigroup of kernels from Xp to 
Xp such that 

(6.9) / e~^'^qr@p k*{x) dr < oo for some A G (0, oo) and all x G Xp, 
Jo 

and 

(6.10) qtu{x) — u{x) = / qr{Lu){x)dT for all x ^ Xp,u £ T>. 

Jo 

[Note that the same arguments as in the proof of Proposition 6.7(iv) show 
that Jq qr{x,Xp\HQ) dr = 0, x£Xp, hence, the right-hand side of (6.10) is 
well-defined.] Then qt{x,dy) =pt{x,dy) for all x G Xp, t>0. 

Proof. Let u^V, x e Xp, t> 0, and A as in (6.9). Integrating by parts 
with respect to dr and then using (6.10), we obtain 

f\^^^qr{Lu){x)dT 
Jo 

rt rs rt 

= / Ae"^"" / qr{Lu){x)dTds + e~^^ / q^{Lu){x)dT 
Jo Jo Jo 

= [ Xe~^''qs{u){x)ds- [ Ae"^%(x) + e~^*(gt(u)(x) - u(x)), 
Jo Jo 

so, 

/ e^^'^qsiXu - Lu){x) ds = u{x) - e~^^qt{u){x). 
Jo 

Since (6.9) holds also with A' > A instead of A, we can let A oo to obtain 
that the resolvent g\ := e~'^'^qsds, A > 0, of {qt)t>o is the left inverse of 
(A — L) f-p. Hence, gx and g1 coincide on (A — L)V which is dense in WiCp^^* . 
But by (6.9) and Theorem 5.1, g\{x,dy) G iWiCp^n*)' [and so is g\{x,dy)\ 
for all X G Xp. Hence, g\ = g\. Since 1 1— > qtu{x) by (6.10) is continuous for 
all n G X G Xp, the assertion follows by the uniqueness of the Laplace 
transform and a monotone class argument. □ 

Another consequence of Lemma 6.8 is the following characterization of 
the generator domain of the Co-semigroup Pt on WCp^^* ■ The second part 
of the following corollary will be crucial to prove the weak sample path 
continuity of the corresponding Markov process in the next section. 
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Corollary 6.10. Consider the situation of Theorem 6.4. Let L denote 
the generator of Pf as a Co-semigroup on WCp^^*- 

(i) Then v £ WCp^^* belongs to Dom(Z) if and only if there exist f £ 
WCp^K* CLnd (un) C T> such that v and Lun — > / strongly, equivalently, 
weakly, in WiCp^^* as oo, that is, Un ^ v and Lun — > / pointwise on 
Hq, and sup„(||u„||i^p^K* + ||-^^^n||i,p,K*) <oo. In this case, Lv = f and v 
weakly in WCp^^* cls n ^ oo. 

(ii) If V € Dom(L) and v, Lv are bounded, then the sequence [un) C T> 
from (i) can be chosen uniformly bounded. 

(iii) Let A > Xp^^* V A2 and v G D{L) such that v, Lv are bounded, and 
let X G Xp. Then there exists a Borel-measurable map D^^^^^v : Xp — > X such 
that, for any sequence C such that Un — > v, Lun Lv weakly in 
WiCp^n* as n — > cx) with sup„ ||tin||oo < 00, we have 

lim gx{\D\y,v - A^l'' Dun\2){x) = 0. 

Furthermore, for all x G C^(M) and t>0, 
Pt{x°v){x) - ixov){x) 

Prix' °vLv){x)dT+ / Prix" °v{D'^i/2V,D'',,/2v)){x)dT. 



Lf, in particular, v = g\f for some f £ V, then, in addition, for all k' £ 

iO,Kl], 



1 



|^^i/2t'|(y) < ^_ y — (/)o,2,K'K'(y) for gxix,dy)-a.e. y e Xp. 



Proof, (i) Note that v S Dom(L) if and only if v = C\g for some 
g GWCp^K* , A > Xp^n* V A2ki- Given such v, by Lemma 6.8, there exist 
u„ G D, n G N, such that (A — L)n.„ g in WiCp^^* as n ^ 00. Then Un = 
Ga(A — L)un C\g = t) in WCp^^* by Theorem 6.4, consequently, 

Lun ^ Xv - g =: f £ WCp^^,* , 

as n — > 00 in WCp^^* , hence, by Corollary 5.6 in WiCp^^* . On the other hand, 
let v,fG WCp^K* be such that, for some (n„) CV, Un ^ v and Lun — > / 
weakly in WiCp^^*- Then, for A > A2 V Ap^^*) 

V = lirnun = limGA(A - L)n,„ = CxiXv - /), 

n n 

weakly in WCp^^*, since, by Theorem 6.4, the latter equality holds as a weak 
limit in WCp^^* (hence, as a weak limit in VFiCp^^* by Corollary 5.6). 
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(ii) By assumption, g := Xv — Lv is bounded. By Corollary 5.3, there exist 
G 2?, n G N, which we can choose such that sup„ \gn\ < Iblloo, converging 

to g in WCp^K*- Let A > Xp^K* V A2 and consider Vn,m ■= 
Then Vn,m S X'kj by Corollary 4.2, and by Theorem 6.4, 

(6.11) lim Vnm = G\gn weakly in WCr, k*, hence, weakly in WiCp n*, 
and 

(6.12) lim (A - L)vn,m = On weakly in WiCp^^^*. 
Therefore, 

(6.13) lim Lvn,m = -gn + >^Gxgn^ -g + XGxg = Lv 

m— >oo 

weakly in WiCp^^*, as n —>■ 00. Since XG^^^ is Markov, Vn,m, n,m G N, is 
uniformly bounded. Consequently, the pair {v,Lv) lies in the weak closure 
of the convex set 

(6.14) {{u,Lu)\u G ||n||oo < \\g\\oo} 

in WiCp^K* X WiGp^K*, hence, also in its strong closure. Repeating the same 
arguments diS in Lcniniaj 6.8, it follows that, in (6.14), T^ki 

can be replaced 

by V and assertion (ii) follows. 

(iii) If (un) C P is a sequence as in the assertion, then, since {un — Umf' G 

(A - L){Un - Umf + 2\A^/'^D{Un - Um)\'^ = 2{Un - Um){X - L){Un - Um)- 

Hence, applying gx{x,dy), we obtain 

2gx{\A'^^Diu^-Um)\^){x) 

= 2gx{{Un - Um){X - L){Un - Um)){x). 

Hence, the first assertion follows by Theorem 6.4 and Proposition 6.7(i) by 
Lebesgue's dominated convergence theorem. Furthermore, 

/ PT{x,dy)dT <e^^gx{x,dy), 
Jo 

x{un) e V, and by (6.5), 

Pt{X°Un){x) - {xoUn){x) 

rt rt 

= / Prix ° UnLun){x) dr + / (x" o n„ l^^/^Du^ 1 3) (x) dr. 
Jo Jo 

Hence, the second assertion again follows by dominated convergence, since 
u weakly in WGp^^* as n — > oo by the last assertion of (i) . To prove 
the final part of (iii), define 
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Then by Theorem 6.4, (u„) has all properties above so that (A^^'^Dun) 
approximates i^i the above sense. But by (4.4), with q:=p, k := k' , 

and Lemma 3.6, 

\Dun\{y) < , \, {f)o,2,n'V{y) for all y e X (d X^). 

Next we want further regularity properties. We emphasize that these re- 
sults will not be used in the next section. We extend both gx{x, dy), pt{x, dy) 
by zero to kernels from Xp to X. 

Proposition 6.11. Consider the situation of Theorem 6.4 and let g\, 
pt be as in Proposition 6.7. Let q S Qreg H [2,p] and k E with Xq,K, 

X'g i^ and Xg i^ as in Corollary 4.2. Let A > Xg^^ V Ap^^* V A2 ^.^ . 

(i) Let f G WCq^K. Then g\f uniquely extends to a continuous function 
on Xq, again denoted by g\f such that 

(6.15) \\gxf\W.<^-^\\f\W.. 

Lf f £ LipQ 2 ^b{X), then gxf extends uniquely to a continuous function 
on X , again denoted by gxf such that gxf G Lipo 2 ki nSfe(X) and for X > 
Ag ,, satisfying (6.15) and 

(6-16) {gxf)o,q,K < T — \]—{f)0,q,K- 

Lf, in addition, (F2e) holds, then, for X > X'^^^ and f G Lipj^ 2,ki ^^^^{X), 

(6-17) {g\f)l,q.K < ■ \„ {f)l,q,K- 

^ - ■^q,K 

(ii) Let t>0 and f £ Lipg 2 i3h{X) n Wp^^* (^ ^) • Then ptf uniquely 
extends to a continuous function on X , again denoted by ptf , which is in 
LiPo,2,Ki 1^ '^6(^); such that 



(6.18) \\ptf\\q,n<e'^^ uJUq,n, 

(6.19) (pt/)o,g,K < e*^«.K/)o,g,.. 

Lf, in addition, (F2e) holds, then, for f £ Lipi 2 J3b{X), 

(6.20) (pJ)i,,,«<e*^'-(/)M,K. 

Remark 6.12. (i) Because of Remark 6.6, the restriction q<p and 
K G in the above proposition are irrelevant since, for given q G Qrcg 

and K G (0, kq), we can always choose p, ki, k* suitably. 



KOLMOGOROV EQUATIONS IN INFINITE DIMENSIONS 



53 



(ii) If (F2e) holds, by similar techniques, as in the following proof of 
Proposition 6.11 and by the last part of Proposition 5.8, one can prove that 
Pt from Proposition 6.7 can be extended to a semigroup of kernels from X 
to X such that 



Then the proof of the first part of Theorem 7.1 in the next section implies 
the existence of a corresponding cadlag Markov process on X. However, we 
do not know whether this process solves our desired martingale problem, 
since it is not clear whether identity (6.5) holds for the above extended 
semigroup for all x € X. As is well known and will become clear in the proof 
of Theorem 7.1 below, (6.5) is crucial for the martingale problem. 

(iii) We emphasize that, in Proposition 6.11, it is not claimed that the 
extensions of gx and pt satisfy the resolvent equation, have the semigroup 
property respectively on the larger spaces Xq or X. It is also far from being 
clear whether \\m.t^Qptu{x) = u{x) for uGD and all x & X . Furthermore, it 
is also not clear whether gxf G WCq^^ if / G WCq^^- 

Proof of Proposition 6.11. (i) Let / g Lipo^2,Ki i^-^fcC^)- Hence, by 
(4.3) and (4.4) [together with (2.8)] applied with g = 2, «; = ki, it follows by 

Proposition 5.8 that (G^™'V)mGM has subsequences converging to functions 
in Lipo 2 • Since we know by Theorem 6.4 that (G^'"'*/)meN converges to the 
continuous function G\f [= gxf by Proposition 6.7(i)] on Xp and since Xp is 
dense in X , we conclude that all these limits must coincide. Hence, gxf has a 
continuous extension in LipQ 2^^! i which we denote by the same symbol. Since 
Pn — > idxg strongly on Xg as ^ oo, by (4.3), (4.4) and Lemma 5.7, we 
obtain (6.15) and, provided A > Ag^^ VAg (6.16) for such /, since Lipg 2^^! 
^^Po,q,K- If) addition, (F2e) holds, (4.7) and Lemma 5.7 imply (6.17), 
provided / E Lip^ 2.K1 f^Sb{X) and A > Xq ,^. Considering (6.15) for f GV, 
since V is dense in WCg^^, (6.15) extends to all of WCq^^ by continuity. For 
/ G WCq^K, the resulting function, lets call it gxf on Xq, is equal to gxf 
on Xp, since by Theorem 5.1, for Un G'D, n G N, with u„ — > / as n — > cx) in 
WCq^K, it follows that gxUn{x) -^gxfi^) as n — > co for all x G Xp. So, gxf 
coincides with gxf on Xp and gxf is the desired extension. Since Xp is dense 
in Xq C X continuously, it follows that, for / G WCq^^ H Lipg 2 nS;,(A), 
the two constructed extensions of gxf coincide on Xq by continuity. So, (i) 
is completely proved. 



(ii) First, we recall that, by Theorem 6.4 and Proposition 6.7(ii), since 
/ G WCp^^^, ptf G Wp^^* and 



limptu{x) = u{x) 



for all Ii G P, X G X. 



(6.21) 





54 



M. ROCKNER AND Z. SOBOL 



in particular, pointwise on Xp. But by (i), for (large enough) n G N, {gn/t)^ f 
have continuous extensions which belong to Lipg 2 ki '^'^b(^) ^'^d satisfy 
(6.15), (6.16) and, provided (F2e) holds, also (6.17) with A replaced by j. 
So, by Proposition 5.8, Lemma 5.7 and the same arguments as in the proof 
of (i), the assertion follows, since by Euler's formula, for Aq > 0, 



n— >oo 



n/i — Ao 



□ 



7. Solution of the martingale problem and of SPDE (1.1). This section 
is devoted to the proof of the following theorem which is more general than 
Theorem 2.3. 

Theorem 7.1. Assume that (A), (F2) hold and let kq be as in (F2a), 
K G (0, kq) and p G Qrcg cls in (F2d). Let k* G (k, kq) , ki G (0, k* — k] and let 
^p,K* be as in Corollary 4.2 (with n* replacing k there). Let {pt)t>o be as in 
Proposition 6.7(ii). 

(i) There exists a conservative strong Markov process M := ($7, !F, {J-'t)t>o, 
{xt)t>o, {¥x)xGXp) on Xp with continuous sample paths in the weak topology 
whose transition semigroup is given by {pt)t>o> that is, Kxf{xt) =Ptf{x), 
X G Xp, t > 0, for all f G Bti{Xp), where E^,. denotes expectation with respect 
to ¥x. In particular, 



■ roo 

/ e-^r>,^''Qp,^,{xs)ds 
Jo 



< 00 for all X G Xp 



(ii) ( Existence" ) The assertion of Theorem 2.3(ii) holds for M.. 

(iii) ( Uniqueness" ) The assertion of Theorem 2.3(iii) holds with k, A^ 
replaced by k* , Xp^^* respectively. 

(iv) If there exist p' G [p, 00), k' G [k* , kq) such that 

(7.1) sup e:,\,iy)\iF{y),r]m)f < 00 for a// m G N, 

then M from assertion (i) weakly solves SPDE (1.1) for x G Xpi as initial 
condition. 

Remark 7.2. (i) Due to Theorem 7.1(iv), it suffices to show that (Fl) 
implies (7.1) to prove Theorem 2.3(iv). It follows from (Fl) that, for all 
m G N and y G Hq , 

\{F{y),nm)\ < \{y,^'L)\ + \i^{y),v'm)\ + my),r]m)\ 

< V2^W(|y|i + |^(y)|i + |$(?/)|i). 
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Proceeding exactly as in the proof of Lemma 4.9, we find that, for all p' G 

(2.00) , k' G (0,00) up to a constant (which is independent of y) which is 
dominated by 

Here we also used Remark 2.1(i). Note that {2{p' + 2))~^ < ^ and {q2-2 + 
■^)/{p' + 2) < ^ if and only if p' > 2q2 ~ 6 + ^. Hence, in the latter case, 

(7.1) holds and, therefore, M weakly solves (1.1), by Theorem 7.1(iv). 

(ii) Since by Remark 6.6 we can always increase p as long as it is in Qrcgi 
which is equal to [2,cxd) if (Fl) holds, Theorem 7.1, in particular, implies 
that, ioT p > p, p & Qreg, Xp is an invariant subset for the process M and 
the sample paths are even weakly continuous in Xp. 

Proof of Theorem 7.1. (i) and (ii): We mostly follow the lines of the 
proof of [7], Theorem 1.9.4. 

Let r^o := X^'^'^ equipped with the product Borel cr-algebra A^, xt{uj) := 
oo{t) for t > 0, a; G n and, for t > 0, let be the a-algebra generated 
by the functions x^, < s < t. By Kolmogorov's theorem, for each x G 
Xp, there exists a probability measure on {^lQ,Ai^) such that Mq := 
{Qo,-M^,{Mf)t>o,{x^)t>o,{Fx)xGXp) is a conservative time homogeneous 
Markov process with PxjaJo = x} = 1 and pt as (probability) transition semi- 
group. 

Now we show that, for all x G Xp, the trajectory Xj is locally bounded 
P^^-a.s., that is, 

(7.2) p^( sup |x?|p<cx) vr>o| = i yxeXp. 

Ue[o,T]nQ J 
Let g := Vp^K*- Then by Proposition 6.7(iii), 

(7.3) er^P'-'^ptg{x) < g{x) for aU xeXp,t>0. 

Hence, for all x G Xp, the family e~^p>'^**(/(x^) is a super-martingale over 
(Jlo, A^°, A^?,Px) since, given < s < t and Q G M^, by the Markov prop- 
erty, 

¥.x{e-^p--*'g{x^t),Q} = e-V^*^E,.{e-V''*(*-^W,5(:rO),Q} 
<E,{e-^^'-*^5(x°),Q}. 
Then, by [7], Theorem 0.1.5(b) 

Pa;|3 lim |x°L and lim Ix^L Vt > ol = 1 ^ x £ Xp. 

In particular, (7.2) holds. 
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Now we show that can be modified to become weakly cadlag on Xp, 
that is, that 

(7.4) P^Ibw- lim x° and w- hm x° Vt > ol = 1 VxGX„. 

For a positive / € f and A > 0, we have e^'^^ptgxf < g\f for ah x G Xp 
and t > 0. Hence, by the preceding argument, the family e^^^g\f{x^) is a 
super-martingale over (Qq, A^°, Alj ,Px) for all x £ Xp and 



P J3 hm g^fixl) and lim Vt > ol = 1 



Vx G Xp. 



By Proposition 6.7(i) and Theorem 6.4, we know that \g\f f as 00 
uniformly on balls in Xp. Since {x^)t£Q is locally bounded in Xp P^-a.s. for 



all x € Xp, we conclude that 



^^{3 lim and lim /(x°) Vt > ol = 1 



Now let / run through the countable set 
(7.5) V := {cos(%, •) + 1, sin(?7fc, •) + G N} C P, 

which separates the points in Xp. Then we get 

F^h lim /(x°) and lim /(x°) Vt > 0, / G p1 = 1 Vx G X 

Now (7.4) follows from the fact that (x^)teQ is locally in t weakly relatively 
compact in Xp P^^-a.s. for all x G Xp. 
Let now 

Q := 3w- lim x^ and w- lim x^ Vt > 



M 

Mt 



{Qnn'lQeM^}, 
{Qnn'\Q€M'{}, t>o, 

w- lim x^, t > 0. 



Then for all x G Xp and f GT), t>0, 

^A\fi4) - fixt)\'] = limE,[|/(x?) - /( 

sit 



liin{ptf{x) - 2pt{fps-tf){x) +Psfix)) 

sit 

0, 
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since by (6.5), ptf{x) is continuous. Hence, Pxia;^ = xt\ = 1- Therefore, 
M := (17, Al, [J^t+)t>Q-, {xt)t>o, 0^x)xeXp) is a weakly cadlag Markov process 
with P2;{a;o = x} = 1 and pt as transition semigroup. 

Below, J^, Tt shall denote the usual completions of Al, Then it fol- 

lows from [7], Theorem 1.8.11. and Proposition 1.8.11, that M := (fi, T ^ i^t)t>o, 
{xt)t>o, {^x)xeXp) is a strong Markov cadlag process with Px{a^o = x} = 1 
and Pt as transition semigroup. 

To prove that M even has weakly continuous sample paths, we first need 
to show that it solves the martingale problem. So, fix 2: G Xp and u G "D^j . 
It follows by Proposition 6.7(v), that for all t > 0, 



Furthermore, by (6.5) and the Markov property, it then follows in the stan- 
dard way that, under P^,, 



is an (jr^)f>o-martingale starting at 0. 

Now we show weak continuity of the sample paths. Fix x £ Xp and f GT). 
Let A > Xp^^* V A'a^^^, u := gxf (G D{L) C Wp^^*) and u £ Lipg^s.^' for ah 
K.' G (0,00). Then u and Lu are bounded, and trivially, 



Since the martingale property is stable under L^(P2:)-limits, by (7.7) and 
(the proof of) Corollary 6.10(iii), the following processes are right continuous 
martingales under P^,: 



(7.6) 



\Lu\{x.)eL^{nx [0,t],F^^(g,ds). 



(7.7) 




[u{xt) - u{xs)]^ = [u'^ixt) - u'^{xs)] - 4:[u^{xt) - u^{xs)]u{xs) 

+ 6[n^(xj) - u^{xs)]u^{xs) - 4[n(xj) - u{xs)]u^{xs). 







t>0. Hence, we obtain, for t>s 

E^[u{xt) - u{xs)]'^ 
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+ 6E^^ \D''^,/2u\l{xr)[u{xr) - u{xs)f dr 

< 4||L«||o, (t - (e, j\u{xr) - dT 



3/4 

2/3 



But by Corollary 6.10(iii) with k! = ki/6, we have, for all y G Xp, 

5A(|5^v2^l')(y) < (xr^^)'(/)o,2,.,/45A(KJ(y), 

and by the last part of Proposition 6.7(ii), 

9x{Vn,){x) < gx{Vp,^*){x) 

<{\-\,n)-%,.*{x). 

Therefore, for T G [1, cxo), we can find a constant C > independent of s, t G 
[0,T], t > s, such that 

Ex[u{xt) - u{Xs)f 

(7.8) 

{t-s)'/'[E.,J^ [u{xr)-u{xstdTj +{t-sy/^^y{t), 



<C 

where, for s > fixed, we set 

(7.9) yit):=(^jyMxT)-u{xs)]UTy\ te[s,T]. 

Hence, we obtain from (7.8) that, for Bt := CT^/^, 

y'{t) < \BTy^/\t) + \C{t - sfl\ t e [s,T] 
y(s) = 0. 
Hence, for e > 0, t G {s,T], 

?/'(*) <|y(^) + ^i?^ + ^(^-s)^/^ 

so, multiplying by exp(— |(t — s)) and integrating, we obtain 

2/(t)<(^5| + ^(t-s)7/^)e^(*-)/^ 

Choosing e := 4:{t — s)~^ , we arrive at 

y{t) < {B^T^/'^ + 2C){t - s)^/^ t G [s,T]. 
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Substituting according to (7.9) into (7.8), by the Kolmogorov-Chentsov 
criterion, we conclude that 1 1— > u{xt) is continuous (since by construction 
xt = limq^sitx^)- Now we take u G Pi := UneN"'fl'n(^) [cf- (7-5)]. Since V 
separates the points of Xp, so does Vi. It follows that the weakly cadlag 
path t ^ Xt is, in fact, weakly continuous in Xp. 

(iii) Uniqueness is now an immediate consequence of Proposition 6.9. 

(iv) As in [2], Theorem 1, one derives that componentwise {xt)t>o under 
¥x weakly solves the stochastic equation (1.1) for all starting points x G Xp/. 
This follows from Levy's characterization theorem (since {r]k, ■) G VA; G 
N) and by the fact that the quadratic variation of the weakly continuous 
martingale in (7.7) is equal to 

(7.10) / {ADu,Du){xs)ds, t>0. 

Jo 

The latter can be shown by a little lengthy calculation, but it is well known 
in finite-dimensional situations, at least if the coefficients are bounded. For 
the convenience of the reader, we include a proof in our infinite-dimensional 
case in the Appendix (cf. Lemma A.l). Hence, assertion (iv) is completely 
proved. □ 

Remark 7.3. In Theorem 7.1(iv) SPDE (1.1) is solved in the sense of 
Theorem 5.7 in [2], which means componentwise. To solve it in Xpi, one 
needs, of course, to make assumptions on the decay of the eigenvalues of A 
to have that {y/Awt)t>o takes values in Xpi. If this is the case, by the same 
method as in [2], one obtains a solution to the integrated version of (1.1) 
where the equality holds in Xp' (cf. [2], Theorem 6.6). 

APPENDIX 

Lemma A.l. Consider the situation of Theorem 7.1(iv) and let uGD. 
Assume, without loss of generality, that p' = p, k = k* . Let x G Xp, and 
define, for t>0, 

Mt := (^(xt) — u{xo) — J Lu{xr) dr^ — J T{u){xr) dr, 

where T{u) := (ADu, Du) . Then {Mt)t>o is an {J^t)t>o-iTT'0,''^tin'gale underF^. 

Proof. Let s G [0,t). We note that, by (7.1), {Mt)t>o is a P^j-square 
integrable martingale, so all integrals below are well defined. We have 



Mt - M. 



^u{xt) — u{xq) — J Lu{xr) dr + u{xs) — u{xq) — J Lu{xr)dr^ 
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X ^u{xt) — u{xs) — J Lu{xr)dr^ ~ J dr 

= (^u{xt) + u{xs) — 2u{xo) ~ 2 y Lu{xr) dr — J Lu{xr) dr 

X ^u{xt) — u{xs) — J Lu{xr)dr^ — J r{u){xr) dr 
= u^{xt) - u^{xs) - 2u{xo){u{xt) - u{xs)) 



2{u{xt) — u{xs)) / Lu{xr) dr — {u{xt) — u{xs)) / Lu{xr+s)dr 



rt~s rt—s 

{u{xt) + u{xs)) / Lu(xr+s) dr + 2u{xo) / Lu{xr+s)dr 
Jo Jo 

rs rt—s / rt—s \ 2 

2 J Lu{xr)dr J Lu{xr^s) dr + Lu{xr+s)drj 
T{u){xr) dr. 

Now we apply ^'^^[•iJ^s] to this equality and get by the Markov property that 
Px-a.s. 

E^[Mt-Ms\Ts] 

= Pt-sU^{Xs) - U^iXs) - 2u{x){pt-sU{Xs) - u{Xs)) 

-2{pt-su{xs) - u{xs)) [ Lu{xr)dr 





rt—s rt—s 

Pr{Lupt-s-ru){xs) dr + 2u{x) / pr{Lu){xs)dr 
/o Jo 

rs rt—s 

+ 2 Lu{xr)dr / pr{Lu){xs) dr 
Jo Jo 

rt—s rr' rt—s 

+ 2 / / Ex^[Lu{xr)Lu{xr')]drdr'— / pr{T{u)){xs) dr. 
Jo Jo Jo 

Since on the right-hand side the second and fifth, and also the third and 
sixth term add up to zero by Theorem 7.1(ii), we obtain 

rt—s 

Ex[Mt - Ms\Ts] =Pt-sU^{Xs) - u^{xs) -2 Pr{Lupt-s-rU){Xs)dr 

Jo 

rt—s rr' 

+ 2 1 I pr{Lupr'-r{Lu)){xs) dr' dr 
Jo Jo 

rt—s rt—s 

Pr{L{u^)){xs) + 2 I pr{uLu){xs)dr. 
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Since on the right-hand side the first and fourth term add up to zero and 
the third is, by Fubini's theorem, equal to 

ft— s / rt~s 



f pr(^Lu J pj.'-r{Lu) dr'^{xs) dr 







we see that 



Now we shall prove Theorem 2.4, even under the weaker condition (F2), but 
assuming, in addition [to (F2c)], that 

(A.l) hm {k, Fn) = F^''^ uniformly on i?o^-balls for ah A; G N, 

which by Proposition 4.1 also holds under assumption (Fl). So, we consider 
the situation of Theorem 7.1(i) and adopt the notation from there. First we 
need a lemma which is a modification of [9], Theorem 4.1. 

Lemma A. 2. Let E he a finite- dimensional linear space, A: E ^ C{E) 
he a Borel measurable function taking values in the set of symmetric non- 
negative definite linear operators on E and B : E ^ E he a Borel measurahle 
vector field. Let 

La,bu:=TiAD^u + {B,Du), u£C^{E). 

Let fl be a probability measure on E such that L\ = in the sense that 
\A\e^e, \B\e G Ll^^{E,fi) and, for allu£C^{E), 



J LA,Budfx = 0. 



Let V :E ^ be a C"^ -smooth function with compact level sets and : S — > 
]R_l_ he a Borel measurable function. Assume that there exists Q £L^(E,iJ,) 
such that La,bV <Q — &■ Then G G L^[E,fi) and 



j Qdn< J Qdfi. 



Proof. Let ^ ]R+ be a C^-smooth concave function such that 

^(r) = r for r G [0, 1], ^(r) = 2 for r > 3 and < < 1- For /c G N, let Cfc(r) := 
klil). ^^^^ is a C^-smooth function, ^^(r) = 2k for r > 3/c, < 0, < 
^^(r) t 1 and ^fc(r) r for all r > as fc ^ oo. Let Ufc := Cfc ° ^ ~ 2/c for 
xGEn- Then Uk G C^iE) and 

LA,BUk{x) = Ck ° VLa,bV + ^'^ o V{DV, ADV) < o VLa,bV 
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since A is nonnegative definite and < 0. 

Now, since / LA,BUk rf/U = 0, < o F < 1, 9 > 0, and La,bV <Q-Q, 
we obtain 

Then the assertion fohows from Fatou's lemma. □ 

Proof of Theorem 2.4 [only assuming (F2) instead of (Fl)]. (i) It fol- 
lows from (F2a) that, for 

C := Xsup{Vp^i^*{x)\x £ Hq, \x'\2 < 2Ap,K./'^p,K*}! 
which is finite since -balls are compact on Xp, 

(A.2) LnVp^^* <C i^Qp,K' on En for all iV G N. 

Let G N. Obviously, lp,K*(^) ^ oo as \x\2 — > oo, x G E^. 
Since Gp^K«(x) ^ oo as \x\2 — > oo, x G En, we conclude from (A.2) that 
LNyp,K,*{x) — oo as \x\2 oo, x G En- Hence, a generalization of Has- 
minskii's theorem [8], Corollary 1.3, implies that there exists a probability 
measure fiN on En such that L*j^ij-n = 0, that is, / LNud^N = for all 
u G CI{En). Below we shall consider /i^v as a probability measure on Xp 
by setting fiN^^p \ En) = 0. Then, by Lemma A.2, we conclude from (A.2) 
that 

(A.3) Op,,. dfiN < C. 

Since 6p,K* has compact level sets in Xp, the sequence (/^at) is uniformly 
tight on Xp. So, it has a limit point /i (in the weak topology of measures) 
which is a probability measure on Xp. Passing to a subsequence if necessary, 
we may assume that hn ^ fJ- weakly. Then (2.20) follows from (A.3) since 
Qp^K* is lower semi-continuous. In particular, fi{Xp \ Hq) = 0. 

Now we prove (2.19). Let k£N. Then it follows by (F2c), (F2d) that 
F^^ := (7?fc, Ftv) G WiCp,^* . In particular, F^^ G L^{fiN) n L^ifi) for ah G 
N, due to (A.3) and (2.20). Also, the maps x ^ {x",r]k) belong to L^{fiN) H 
L^in) for all A^ G N since |(x",%)| < |??^'|oo|2;|2- Thus, it follows from the 
dominated convergence theorem that / LNudfiN = for all u G C^{En)- 
Let G P. Then we have Tt{AnD'^u{x)} = Tt{AD^u{x)} for large enough 
A^. Since //at — > /i weakly, it follows that 

J Ti{AND^u}dfiN ^ J Tr{AD^u} dfi. 

So, we are left to show that 

J{f}^^ + {x",7]k))dkudnN^ j{F^^^ + {x",7]k))dkudii asA^^oo. 
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Since F^^'^ € WiCp^^*, by Corollary 5.3, there exists a sequence Gk,n £ ^ 
such that IIF*^'^) — Gk^n\\i,p,K* — > as n — > oo. Then 

f'-''^ dku{dnN - dfi) 

= / Gk,ndku{dfiN -dfi)+ / {F^^'^ - Gk,n) dku{dfiN - dfi). 
Jx Jx 

Since fiN ^ fi weakly, we conclude that the first term vanishes as — > oo for 
all n G N. On the other hand, the second term vanishes as ?i — > oo uniformly 
in iV G N since, by (A.3), 

\F^''^ -Gk,n\{dfiN + dfi) 
■^WF^""^ -GkAi,p,n* j ep,.<dfiN + dfi) 

<(c + Je,,^,df?j\\F(''')-Gk,nh,p,^*- 

Since {x",r]k) = (x,!]'^), the same arguments as above can be applied to 
(x",r/fc). Furthermore, by (F2c), (F2d) for R>0, 

l\F^^^-F(-''^\\dku\di^M 

< I \F^^^ -F^'^\\dku\dyiN 

+ 2 sup t^{Qp,K.')\\dku\\oo I Qp.K*dnN- 
{ej,,..>fl} -I 

By (A.l) and (A.3) first letting — > oo and then oo, the left-hand side 
of the above inequality goes to zero. So, (2.19) follows and (i) is completely 
proved. 

(ii) Let /i be as in (i), u £ V, and A > Ap^^* V X'2 Then by Proposi- 
tion 6.7(i) and Theorem 6.4, 

(A.4) J XgxiiX- L)u)dfi = X J udfi = J{X-L)udfi, 

where we used (2.19) in the last step. By Lemma 6.8, (A — L)(T>) is dense 
in WiCp^K* and by Proposition 6.7(i), for / G WiCp^^*, 

gx\f\ < \\f\\i,p,.'gx@p,.' < \\f\\i,p,n*^Vp,,* 

1^P,K* 

and J\f\dfi< J 0p,K* c?/U • So, by (2.20) and Lebesgue's dominated 

convergence theorem, we conclude that (A.4) extends to any / G WiGp^^* 
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replacing (A — L)u. Hence, by (6.4) and Fubini's theorem, for every / G P C 

roc r r roc r 

A J ptfdiidt = j udii = \ j e~^*y udiidt. 

Since t ^ Ptf{x) is right continuous by (6.5) for all x S Xp and bounded, 
assertion (ii) follows by the uniqueness of the Laplace transform and a mono- 
tone class argument. □ 

Remark A. 3. One can check that ii u gD, u = /i-a.e., then Lu = 
/i-a.e. (cf. [21], Lemma 3.1, where this is proved in a similar case). Hence, 
{L,T>) can be considered as a linear operator on L^{X,fi), s € [l,oo), where 
we extend fj, by zero to all of X. By [25], Appendix B, Lemma 1.8, {L,!)) is 
dissipative on L^{X, /i). Then by Lemma 6.8, we know that, for large enough 
A, (A — L)(P) is dense in WiCp^^* which, in turn, is dense in L^{X,iJ,). Hence, 
the closure of {L,T>) is maximal dissipative on L^(X,^), that is, strong 
uniqueness holds for {L,T>) on L^{X,fi) for s = 1. In case (Fl-f) holds or 
^' = 0, similar arguments show that our results in Section 4 imply that this 
is true for all s E [1, oo) as well. A more refined analysis, however, gives that 
this is, in fact, true merely under condition (F2). Details will be contained 
in a forthcoming paper. This generalizes the main result in [16] which was 
proved there for s = 2 in the special situation when F satisfies (2.15) with 
\I'(x) = ^x^, X G M, and $ = 0, that is, in the case of the classical stochastic 
Burgers equation. For more details on the L^-theory for the Kolmogorov 
operators of stochastic generalized Burgers equations, we refer to [49]. 
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